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ABSTRACT 


The  acceleration  and  detachment  stages  of  a  collisionless  plasma  jet  in  a  divergent  wall-less 
magnetic  nozzle  are  studied  through  an  axisymmetric  model.  The  jet  is  emitted  sonically  by  a 
cylindrical  chamber  simulating  a  helicon  source.  A  novel  integration  algorithm  which  advances 
along  the  characteristic  lines  of  the  supersonic  plasma  allows  reaching  the  region  beyond  the 
turning  point  of  the  nozzle,  where  large  rarefaction  and  detachment  take  place.  In  the  ideal  zero 
Larmor  radius  limit  of  electrons,  the  demagnetization  of  massive  ions  is  identified  as  the  key 
mechanism  enabling  inwards  detachment  of  the  quasineutral  plasma  jet  from  the  magnetic  lines. 
Moreover,  a  parallel  study  has  been  devoted  to  show  that  incipient  electron  Larmor  radius 
effects  lead  to  outwards  detachment  of  electron  streamtubes,  which  is  detrimental  for  inwards 
detachment  of  mass-carrying  ions.  Essential  to  this  plasma  detachment  mechanism  is  the  non¬ 
fulfillment  of  local  current  ambipolarity  in  the  two-dimensional  expansion  of  a  globally-current- 
free  plasma.  The  opposite  requirements  of  ions  and  electrons  on  the  magnetic  field  strength 
imply  that  optimal  strength  and  shape  of  the  magnetic  nozzle  have  to  exist,  in  order  to  maximize 
the  contribution  of  the  magnetic  nozzle  to  thrust  efficiency.  Further  research  should  address  the 
very-far  region,  where  both  quasineutrality  and  electron-magnetization  fail,  and  an  electron 
collisionless-cooling  mechanism  seems  to  be  primordial.  Complementary  to  the  above 
detachment  studies  the  magnetic  nozzle  model  has  been  extended  in  three  ways.  First,  the 
formation  and  curvature  of  axisymmetric  current-free  double-layers  in  the  nozzle  and  their 
influence  on  performances  have  been  analyzed.  Second,  the  nozzle  model  has  been  matched  to  a 
a  plasma  source  model  in  order  to  study  the  propulsive  performances  of  a  helicon  plasma 
thruster.  And  third,  an  alternative  hybrid  code  of  the  magnetic  nozzle,  capable  of  addressing 
additional  plasma  effects  has  been  started  to  build. 
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SUMMARY  OF  RESULTS 


The  research  carried  out  under  the  present  grant  continues  the  one  started  in  grant  FA8655-10-1- 
3085  ‘Magnetic  nozzles  for  plasma  thrusters:  acceleration,  thrust,  and  detachment  mechanisms’. 
The  achievements  of  the  first  grant  covered  (1)  the  study  of  plasma  acceleration  and  thrust 
increment  mechanisms  in  a  magnetic  nozzle  (MN)  and  (2)  a  critical  review  of  existing 
detachment  theories.  The  MN  transforms  the  internal  energy  of  the  plasma  into  axially-directed 
kinetic  energy,  thus  producing  a  highly  supersonic  plasma  beam.  While  the  expansion  of  plasma 
in  a  MN  vaguely  resembles  that  in  a  solid,  de  Laval  nozzle,  the  central  role  of  long-range  forces 
in  MNs  sets  them  apart  from  their  solid  counterparts.  First,  a  MN  has  the  key  advantage  of 
operating  in  a  contactless  manner,  thereby  avoiding  severe  plasma  losses  and  wall  durability 
problems.  Second,  the  expansion  is  far  from  quasi-one-dimensional,  and  depends  strongly  on 
the  form  or  species  in  which  the  internal  plasma  energy  is  stored,  which  can  be  different  in  each 
particular  device  (helicon  thruster,  AFMPD,  VASIMR,  ...).  Lastly,  there  are  significant 
differences  in  the  processes  of  thrust  production  and  plasma  detachment.  A  summary  of  our 
research  achievements  on  MNs  up  to  May  2012  was  presented  in  Ref.  9. 

The  mission  of  any  propulsive  nozzle  is  to  increment  the  delivered  thrust.  In  a  solid  nozzle,  the 
physical  mechanism  of  thrust  is  the  pressure  exerted  on  the  nozzle  divergent  walls.  In  a  wall¬ 
less  MN,  as  we  showed  theoretically  and  has  been  confirmed  experimentally  later,  thrust  is  of 
magnetic  character.  The  magnetized  plasma  develops  diamagnetic  azimuthal  currents  on 
electrons  that  oppose  those  running  in  the  thruster  coils,  thus  creating  two  repelling  magnetic 
forces:  one  yields  positive  thrust  on  the  thruster,  while  the  second  one  accelerates  the  plasma. 

There  is  ample  consensus  that  the  main  uncertainty  about  the  applicability  of  MNs  in  space 
propulsion  is  the  ability  of  the  plasma  to  detach  from  the  closed  magnetic  lines:  once 
accelerated,  it  is  imperative  that  the  plasma  beam  releases  itself  from  the  magnetic  field 
downstream  and  continues  to  expand  freely  into  vacuum.  If  this  is  not  the  case,  the  returning 
plasma  would  cancel  the  produced  thrust  and  impinge  on  the  delicate  spacecraft  surfaces.  Two 
important  aspects  to  take  into  account  when  dealing  with  the  detachment  of  a  plasma  jet  are: 
first,  ions  carry  almost  totally  the  plasma  mass;  and  second  a  small  backflow  is  unavoidable  in 
any  plasma  plume  expanding  into  vacuum.  Therefore,  the  detachment  problem  must  determine 
(1)  which  mechanism  allows  ion  streamtubes  to  detach  inwards  from  the  magnetic  lines  and 
avoid  flowing  back;  (2)  which  fraction  of  the  beam  mass  is  backflowing;  and  (3)  which  is  the 
contribution  of  a  MN  to  thrust  efficiency. 

Prevailing  detachment  theories  developed  specifically  for  plasma  thrusters  with  MN  have 
focused  on  electron  detachment,  on  the  assumption  that  quasineutrality  and  current  ambipolarity 
make  ion  and  electron  streamtubes  coincide  in  current-free  plasmas.  In  a  first  scenario,  electron- 
inertia  (Hooper’s  theory)  or  resistivity  would  produce  diffusive  detachment  of  electron 
streamtubes.  In  a  second  scenario,  the  plasma-induced  magnetic  field  would  stretch  the  MN 
downstream.  Within  the  previous  grant  we  had  shown  that  these  three  mechanisms  do  not  lead 
to  inwards  electron  detachment  in  a  propulsive  MN:  electron  diffusion  detaches  electron  tubes 
outwards  from  the  magnetic  lines,  and  the  magnetic  field  induced  by  diamagnetic  plasma 
currents  opposes  the  applied  magnetic  field,  thus  increasing  the  divergence  of  the  resulting  MN. 

The  first  goal  of  the  present  research,  presented  in  Ref.  1,  has  been  to  go  further  in  depth  with 
the  study  of  the  effects  of  electron  inertia.  It  has  been  shown  that,  up  to  dominant  order  on  all 
components  of  the  electron  velocity,  electron  momentum  equations  still  reduce  to  three 
conservation  laws.  It  is  confirmed  that  electron  inertia  leads  to  outward  electron  separation  from 
the  magnetic  streamtubes.  The  progressive  plasma  filling  of  the  adjacent  vacuum  region  is 
consistent  with  electron-inertia  being  part  of  finite  electron  Larmor  radius  effects,  which 
increase  downstream  and  eventually  demagnetize  the  plasma.  It  is  also  confirmed  and  carefully 
explained  that  current  ambipolarity  in  a  2D  expansion  is  not  fulfilled  and  ion  separation  can  be 
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either  outwards  or  inwards  of  magnetic  streamtubes,  depending  on  their  magnetization.  Electron 
separation  penalizes  slightly  the  plume  efficiency  and  is  larger  for  plasma  beams  injected  with 
large  pressure  gradients.  The  nonzero  electron-inertia  model  of  Hooper,  based  on  cold  plasmas 
and  current  ambipolarity,  which  predicts  inwards  electron  separation,  is  shown  to  be  physically 
inconsistent.  Finally,  the  study  points  out  the  likely  competition  of  the  gyroviscous  force  with 
electron-inertia  effects,  making  a  fully  consistent  study  of  finite  Larmor  radius  effects  very 
complex. 

The  second  and  main  goal  of  this  research  has  been  to  demonstrate  that  inwards  detachment  of 
mass-carrying  ions  caused  by  ion  demagnetization  is  the  key  mechanism  for  the  detachment  of  a 
plasma  jet  in  a  propulsive  MN,  and  it  takes  place  even  if  the  asymptotic  limit  of  collisionless, 
fully-magnetized  electrons.  Different  aspects  and  progresses  of  this  work  have  been  presented  in 
Refs.  4,  6,  8,  and  10.  In  fact,  vacuum-chamber  measurements  on  the  MN  near-region  of 
different  thrusters  are  confirming  ion  detachment  as  a  real  and  robust  phenomenon.  However, 
measuring  plasma  expansion  and  detachment  far  downstream  is  more  challenging  due  to 
chamber  size  constraints.  Theoretically,  ion  detachment  was  already  identified  in  our  previous 
grant’s  research  to  be  a  relevant  2D  beam  feature,  but  again,  the  study  covered  only  the  MN 
near  region,  limited  downstream  by  the  MN  turning  point.  Now,  a  new  intrinsic  integration 
algorithm  implemented  in  our  2D  DIMAGNO  code  has  allowed  us  to  overcome  the  MN  turning 
point  limitation  and  to  look  into  the  MN  far  region,  both  downstream  and  laterally.  The 
magnetic  strength  decreases  proportional  to  the  area  expansion  in  a  divergent  MN.  For  practical 
magnetic  strengths  and  heavy  propellants,  ions  are  weakly  magnetized  in  most  or  the  whole 
MN,  and  their  axial  and  radial  expansion  is  governed  by  the  ambipolar  electric  field  mainly. 
This  field  deflects  ion  tubes  radially  but  not  enough  to  follow  the  electron/magnetic  tubes, 
which  means  that  current  ambipolarity  cannot  fulfilled  everywhere  (for  a  quasineutral,  globally 
current-free  plasma).  As  previously  advanced,  incipient  electron  demagnetization  is  detrimental 
for  inwards  beam  detachment,  and  magnetic  strength  must  thus  be  tuned  in  order  to  optimize 
both  beam  channeling  and  acceleration,  in  the  near  region,  and  detachment,  in  the  far  region. 
Finally,  it  is  shown  that  only  a  marginal  fraction  of  the  beam  flows  back  and  the  divergence 
angle  of  the  95%-mass  tube  measures  the  effectiveness  of  detachment,  allowing  comparisons 
with  plumes  of  other  plasma  thrusters. 

The  rest  of  goals  of  this  research  have  been  focused  on  extending  the  MN  code  DIMAGNO  in 
three  ways.  The  first  one,  covered  in  Ref.  2,  has  been  to  address  the  expansion  in  a  MN  of  a 
plasma  with  two  disparate  electron  populations  and  the  formation  and  two-dimensional  shape  of 
a  current-free  double-layer  in  the  divergent  MN.  This  subject  is  very  controversial  in  the  field  of 
helicon  thruster  performances  because  of  the  claims  of  Charles  and  Boswell  on  thrust  due  to 
double  layers.  Our  study  was  centered  in  the  regime  when  the  electric  potential  steepening  can 
still  be  treated  within  the  quasineutral  approximation.  The  properties  of  this  quasi-double-layer 
were  investigated  in  terms  of  the  relative  fraction  of  the  high-energy  electron  population,  its 
radial  distribution  when  injected  into  the  nozzle,  and  the  geometry  and  intensity  of  the  applied 
magnetic  field.  The  two-dimensional  double  layer  presents  a  curved  shape,  which  is  dependent 
on  the  natural  curvature  of  the  equipotential  lines  in  a  magnetically  expanded  plasma  and  the 
particular  radial  distribution  of  high-energy  electrons  at  injection.  The  double  layer  curvature 
increases  the  higher  the  nozzle  divergence  is,  the  lower  the  magnetic  strength  is,  and  the  more 
peripherally  hot  electrons  are  injected.  In  the  application  of  the  theory  to  the  operation  of  a 
helicon  plasma  thruster  in  space,  it  is  shown  that  the  curvature  of  the  double  layer  does  not 
increment  the  thrust,  it  does  not  modify  appreciably  the  downstream  divergence  of  the  plasma 
beam,  but  it  increases  the  magnetic-to-pressure  thrust  ratio. 

The  next  achievement  has  been  to  match  the  MN  model  to  a  model  of  a  helicon  plasma  source. 
References  3,  7,  and  9  present  a  model  of  the  two-dimensional  fluid-dynamics  and  the  first 
analysis  of  propulsive  performances  of  a  helicon  plasma  thruster.  In  particular,  an  axisymmetric 
macroscopic  model  of  the  magnetized  plasma  flow  inside  the  helicon  thruster  chamber  is 
derived,  assuming  that  the  power  absorbed  from  the  helicon  antenna  emission  is  known. 
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Ionization,  confinement,  subsonic  flows,  and  production  efficiency  inside  the  source  are 
discussed  in  terms  of  design  and  operation  parameters.  Analytical  solutions  and  simple  scaling 
laws  for  ideal  plasma  conditions  are  obtained.  The  chamber  model  is  then  matched  with 
DIMAGNO  in  order  to  characterize  the  whole  plasma  flow  and  assess  thruster  performances. 
Thermal,  electric,  and  magnetic  contributions  to  thrust  are  evaluated.  The  energy  balance 
provides  the  power  conversion  between  ions  and  electrons  in  chamber  and  nozzle,  and  the 
power  distribution  among  beam  power,  ionization  losses,  and  wall  losses.  Thruster  efficiency  is 
assessed  and  main  causes  of  inefficiency  are  identified.  The  thermodynamic  behavior  of  the 
collisionless  electron  population  in  the  nozzle  is  acknowledged  to  be  poorly  known  and  crucial 
for  a  complete  plasma  expansion  and  good  thrust  efficiency. 

The  last  activity  carried  out  has  been  the  development  of  an  alternative  MN  hybrid  code, 
HPMN,  where  ions  and  neutrals  are  treated  as  super-particles  and  electrons  as  a  magnetized 
fluid.  The  main  motivation  of  this  code  is  to  offer  more  flexibility  than  DIMAGNO  to  treat 
some  non-ideal  effects,  such  as  resistivity,  ionization,  warm  and  multi-charged  ions,  plasma- 
ambient  interaction,  wall-effects  or  electron  heat  diffusion.  Additionally,  it  will  provide  a 
mutual  validation  of  DIMAGNO  and  HPMN.  Work  is  in  progress  and  first  promising  results 
were  presented  in  Ref.  5. 

To  conclude,  this  research  has  provided  crucial  advances  in  the  understanding  of  plasma 
detachment.  Ion  demagnetization  and  subsequent  quasineutral  separation  of  ion  and  electron 
streamtubes  are  shown  to  be  the  central  elements  of  the  detachment  mechanism  in  a 
collisionless  plasma  with  fully-magnetized  electrons.  The  next  stage  of  the  research  must 
address  the  relaxation  of  some  of  the  model  idealizations  and  limitations.  First,  a  large 
downstream  plasma  rarefaction  means  that  quasineutrality  fails  eventually.  Space-charge  effects 
should  be  taken  into  account.  These  are  expected  to  set  an  upper-bound  to  the  electric  field  and 
thus  facilitate  ion  detachment.  Second,  for  finite  electron  magnetization,  resistivity,  electron- 
inertia,  and  the  plasma-induced  magnetic  field  were  shown  to  deteriorate  electron  confinement, 
leading  to  outward  electron  detachment,  which  adversely  increases  the  effective  MN 
divergence.  The  desire  of  full  electron  magnetization  on  one  hand  (to  minimize  the  influence  of 
these  three  phenomena  and  ensure  proper  channeling  and  acceleration  of  the  plasma  beam),  and 
low  ion  magnetization  on  the  other  (to  foster  downstream  detachment  and  achieve  low  beam 
divergence),  set  two  conflicting  requirements  to  the  magnetic  strength  of  the  MN.  Once  the  MN 
physics  are  understood,  the  next  step  is  to  apply  DIMAGNO  to  optimize  both  the  MN  strength 
and  shape,  in  order  to  maximize  the  thrust  efficiency  of  the  MN.  Third,  separation  of  ion  and 
electron  tubes  generates  longitudinal  electric  currents  in  the  otherwise  current-free  jet.  It  should 
be  settled  whether  their  closure  takes  place  upstream  (inside  the  source)  or  downstream,  by  a 
combination  of  residual  resistivity,  geometric  expansion,  or  entrainment  of  the  weak 
background  plasma.  Fourth,  the  transition  from  a  magnetized  to  an  unmagnetized  electron 
model  needs  to  be  addressed  consistently.  And  fifth,  the  assumption  of  electron  isothermality  in 
the  model,  while  not  central  for  the  detachment  process,  leads  to  a  nonphysical,  infinite 
(logarithmically-slow)  drop  of  the  electric  potential  downstream.  Limited  laboratory  and  in¬ 
space  evidence  (with  unmagnetized  collisionless  plumes)  suggests  the  electric  potential  to 
vanish  as  potential  law  of  plasma  density.  Unfortunately,  no  established  theory  exists  for  the 
expansion  of  a  collisionless  electron  population.  Theoretical  approaches,  based  on  the  kinetic 
theory,  suggest  the  existence  of  a  collisionless-cooling  mechanism  of  electrons  based  on 
adiabatic  invariants  and  effective  potential  barriers. 
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Two-dimensional  plasma  expansion  in  a  magnetic  nozzle:  Separation  due 
to  electron  inertia 
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(Received  12  April  2012;  accepted  13  July  2012;  published  online  6  August  2012) 

A  previous  axisymmetric  model  of  the  supersonic  expansion  of  a  collisionless,  hot  plasma  in  a 
divergent  magnetic  nozzle  is  extended  here  in  order  to  include  electron-inertia  effects.  Up  to 
dominant  order  on  all  components  of  the  electron  velocity,  electron  momentum  equations  still 
reduce  to  three  conservation  laws.  Electron  inertia  leads  to  outward  electron  separation  from  the 
magnetic  streamtubes.  The  progressive  plasma  hlling  of  the  adjacent  vacuum  region  is  consistent 
with  electron-inertia  being  part  of  finite  electron  Larmor  radius  effects,  which  increase 
downstream  and  eventually  demagnetize  the  plasma.  Current  ambipolarity  is  not  fulfilled  and  ion 
separation  can  be  either  outwards  or  inwards  of  magnetic  streamtubes,  depending  on  their 
magnetization.  Electron  separation  penalizes  slightly  the  plume  efficiency  and  is  larger  for 
plasma  beams  injected  with  large  pressure  gradients.  An  alternative  nonzero  electron-inertia 
model  [E.  Hooper,  J.  Propul.  Power  9,  757  (1993)]  based  on  cold  plasmas  and  current 
ambipolarity,  which  predicts  inwards  electron  separation,  is  discussed  critically.  A  possible 
competition  of  the  gyroviscous  force  with  electron-inertia  effects  is  commented  briefly.  ©  2012 
American  Institute  of  Physics.  [http://dx.doi.org/10.1063/E4739791] 


I.  INTRODUCTION 

Divergent  magnetic  nozzles,  created  by  longitudinal 
magnetic  fields,  are  being  envisaged  as  the  acceleration  stage 
of  several  advanced  plasma  thrusters. 1-:>  In  the  highly  com¬ 
petitive  and  demanding  area  of  space  propulsion,  the  optimi¬ 
zation  of  plasma  thruster  characteristics  (performances, 
weight,  lifetime,  etc.)  is  crucial.  Thus,  the  eventual  imple¬ 
mentation  of  magnetic  nozzles  requires,  among  other 
aspects,  a  reliable  and  detailed  understanding  of  the  proc¬ 
esses  governing  plasma  expansion  and  thrust  transmission. 
With  this  aim  we  developed  in  Ref.  1  a  two-dimensional 
(2D)  model  of  the  expansion  of  a  current-free,  fully  ionized, 
near-collisionless,  hot  plasma  (as  the  one  we  expect  to  be 
delivered  by  the  thruster  chamber)  in  a  magnetic  nozzle 
(with  no  solid  walls).  We  showed  there  that  a  propulsive 
magnetic  nozzle ,  capable  of  increasing  the  thrust,  requires  a 
“hot”  plasma,  so  that  plasma  internal  energy  is  transformed 
into  ion  axial  directed  energy,  and  that  the  nozzle  thrust 
transmission  mechanism  is  the  magnetic  force  of  the  azi¬ 
muthal  plasma  current  onto  the  thruster  magnetic  circuit. 

As  usual  in  analyses  of  magnetized  plasma  flows,  our 
2D  model  disregarded  electron  inertia  effects,  arguing  that 
they  were  marginal.  This  was  very  beneficial  for  solving  the 
model,  since  dropping  convective  terms  makes  electron  mo¬ 
mentum  equations  fully  algebraic.  In  the  zero  electron- 
inertia  limit,  fully  magnetized  electrons  are  channeled  per¬ 
fectly  by  the  magnetic  held.  On  the  contrary,  for  the 
expected  magnetic  intensities  and  propellants  in  envisaged 
thrusters,  ions  are  only  weakly  magnetized  (except  perhaps 
for  very  light  propellants).  As  a  consequence,  it  was  found 


a)Electronic  addresses:  eduardo.ahedo@upm.es.  URL:  web.fmetsia.upm.es/ep2 
and  mario.mermo(5)upm.es.  URL:  web.fmetsia.upm.es/ep2. 


that  even  fulfilling  quasineutrality,  ion  streamtubes  separate 
inwards  from  electron  streamtubes,  generating  longitudinal 
electric  currents  and  breaking  current  ambipolarity  (CA). 

The  central  motivation  for  discussing  electron-inertia 
here  is  to  analyze  electron  separation  from  the  magnetic  held 
as  a  step  in  understanding  the  downstream  detachment  of  the 
plasma  from  the  magnetic  nozzle.  In  a  low-beta  plasma,  the 
separation  of  strongly  magnetized  electrons  from  magnetic 
streamtubes  can  be  achieved  via  resistivity  or  electron-iner¬ 
tia.6  At  least  one  of  these  mechanisms  yields  a  dominant 
term  in  the  equation  determining  the  electron  separation  ve¬ 
locity.  In  a  hot,  fully  ionized  plasma,  resistivity  is  weak  and 
electron-inertia  is  likely  to  dominate  electron  separation. 
Furthermore,  electron-inertia  effects  will  be  shown  to  be  fi¬ 
nite  electron  Larmor  radius  (FELR)  effects7 — here,  hnite 
meaning  small  but  non-zero.  Since  the  nozzle  magnetic  held 
decreases  downstream,  FELR  effects  increase  and  drive  the 
process  of  plasma  demagnetization,  when  the  magnetically 
channeled  plasma  beam  expands  into  the  adjacent  vacuum 
region.  A  linear  perturbation  analysis  of  the  zero-inertia 
model6  advanced  that  the  electron  huid  separates  outwards 
from  the  magnetic  lines.  This  will  be  conhrmed  by  the  model 
presented  here,  which  accounts  for  nonlinear  electron  inertia. 

Hooper,10  working  with  a  nonzero-inertia  model,  found 
inwards  plasma  separation.  Since  his  model  has  been  the  ba¬ 
sis  for  other  works,11-14  yielding  inwards  plasma  separation 
too,  a  discussion  of  Hooper’s  model  is  very  pertinent  here. 
Hooper’s  model  is  similar  to  ours  except  for  two  important 
features,  which  are  at  the  core  of  the  disagreement  with  our 
conclusions:  his  model  imposes  current  ambipolarity  every¬ 
where  and  is  limited  to  the  expansion  of  a  cold  plasma.  In 
addition,  Hooper  applied  his  model  only  to  a  uniform,  non¬ 
rotating  beam  at  the  nozzle  throat.  Schmit  and  Fisch13 
applied  it  to  plasma  beams  with  independent,  nonzero 
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azimuthal  ion  and  electron  flows.  Little  and  Choueiri14  have 
attempted  to  include  the  effects  of  plasma  pressure  in  Hoo¬ 
per’s  model. 

Electron-inertia  is  just  one  part  of  FELR  effects.  Full 
FELR  effects  include  also  the  divergence  of  the  gyroviscous 
(or  stress)  tensor,7-9  known  as  gyroviscous  force,  which  is 
ignored  in  all  the  above  models.  Consistent  term  ordering  in 
plasma  fluid  models  for  the  case  of  finite  Larmor  radius — 
discussed  mainly  in  the  plasma  fusion  field  and  focused  on 
ions,  but  valid  for  electrons  too — states  that  the  gyroviscous 
force  is  of  the  order  of  the  convective  electron  derivative  in 
the  so-called  drift  ordering.7  Here,  the  possible  competition 
of  gyroviscous  with  electron-inertia  effects  will  be  only 
pointed  out. 

The  rest  of  the  paper  is  organized  as  follows.  Section  II 
recovers  the  model  formulation  for  ions  of  Ref.  1.  Section  III 
derives  and  discusses  the  nonzero  inertia  model  for  the  elec¬ 
tron  fluid.  Section  IV  analyzes  the  plasma  response  in  terms 
of  main  parameters.  Section  V  discusses  separately  on  cur¬ 
rent  ambipolarity  models  and  gyroviscous  effects.  Section 
VI  compiles  conclusions.  A  preliminary  version  of  this  work 
was  presented  as  a  conference  paper.15 

II.  MODEL:  NOZZLE  AND  ION  EQUATIONS 

The  general  assumptions  and  notation  of  the  present 
model  are  identical  to  those  in  Ref.  1;  only  the  elements 
that  facilitate  the  autonomous  reading  of  the  present  paper 
are  repeated  here.  A  current-free,  fully  ionized,  collision¬ 
less  plasma  beam  of  radius  R  expands  from  the  throat  of  a 
divergent  magnetic  nozzle  created  by  a  set  of  external  coils 
and  internal  plasma  currents.  In  the  cylindrical  frame  of 
reference  {lz,lr,lfl},  with  coordinates  (z,  r)  for  the  axil- 
symmetric  magnitudes,  the  total  magnetic  field  is 
B  =  B(1Z  cos  a  +  lr  sin  a).  The  convention  0  <  a  <  7i/2  is 
adopted  for  the  local  magnetic  angle,  and  the  magnetic  ref¬ 
erence  1||  =  B/B  and  1±  =  1q  x  ly  is  used  too.  There  exists 
a  magnetic  streamfunction,  \j/,  satisfying  =  rBl±.  For 
the  simulations  presented  here,  we  will  consider  the  applied 
magnetic  field  generated  by  a  solenoid  of  radius  Rs  =  3.5R 
and  extending  from  z=—2.5R  to  z  =  2.5R,  Fig.  1(a),  and 
we  will  restrict  the  analysis  to  a  low-density  plasma  so  that 
the  induced  magnetic  field  is  negligible  (its  inclusion  can 
be  carried  out  iteratively16).  Thus,  the  throat  is  located  at 
z  =  0  and  a(0,  r)  =  0.  Along  the  paper,  subscript  0  will  refer 
to  values  of  magnitudes  at  (z,  r)  =  (0,  0). 

A  two-fluid  model  is  used  for  the  quasineutral  plasma, 
with  n  =  rii  —  ne  being  the  plasma  density.  The  general  form 
of  fluid  equations  for  each  plasma  species  (j  =  i,  e)  is 

V  •  rijUj  =  0,  (1) 

mjTijUj  •  Vuj  =  —V  Pj  —  qjnjVcj)  +  qjUjUj  x  B,  (2) 


FIG.  1.  (a)  Magnetic  field  lines  created  by  the  solenoid  (squares),  and 
sketches  of  the  two  beam  density  profiles  at  the  throat.  The  solid  line  corre¬ 
sponds  to  the  nozzle  edge  r  =  RB(z)  in  the  zero  electron-inertia  limit, 
(b)  Density  profiles  at  the  throat  and  at  section  z/R  =  1 1.5  for  simulations  A 
and  D.  Asterisks  represent  the  border  between  the  central  and  peripheral 
regions  of  simulation  D.  Circles  represent  the  location  of  the  magnetic  noz¬ 
zle  edge  r  =  Rb(z)  at  z/R  =  1 1.5  for  simulations  A  (white)  and  D  (black). 
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where  </>  is  the  ambipolar  electric  potential,  Q,  =  eB/rrii  is 
the  ion  gyrofrequency,  the  ion  pressure  tensor  has  been 
neglected,  i t/q  is  the  ion  streamfunction,  satisfying 

Vi pj  =  —rnuj  x  1  o  (7) 

(with  j  =  /),  and  £>/( i/q)  is  the  total  azimuthal  momentum  for 
ions  in  each  streamline,  which  is  determined  from  conditions 
at  the  throat. 

In  order  to  complete  this  set  of  equations,  a  relation 
between  </>  and  n  is  needed,  which  wifi  be  provided  by  the 
electron  model.  Initial  conditions  (at  z  =  0,  r  <  R)  for  the 
above  equations  are  the  same  as  in  previous  works, 

Uri  —  0)  UQi  —  0,  Uzi  —  CSM§^  (8) 


where  Uj  is  the  species  fluid  velocity,  Pj  is  the  pressure  ten¬ 
sor,  and  the  rest  of  symbols  is  conventional.  For  vector  mag¬ 
nitudes,  such  as  velocities  Uj  ( j  =  i ,  e)  and  current  densities 
jj,  their  longitudinal  (i.e.,  meridian)  projections  are  denoted 
with  a  tilde:  u}  =  Uj  —  uqjIq ,  etc. 

The  set  of  equations  for  ions  can  be  expressed  as 


with  Mo  >  1,  and  n( 0,  r)  is  provided;  Fig.  1(b)  shows  the 
density  profiles  used  in  the  simulations  below.  Notice  that 
ions  enter  the  diverging  nozzle  without  rotation  (or  swirling). 
Ion  swirling  is  known  to  occur  in  some  devices17  and  has 
been  proposed  by  Schmit  and  Fisch  for  increasing  inwards 
plasma  separation  in  the  frame  of  Hooper’s  model. 
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III.  MODEL:  ELECTRON  EQUATIONS 

As  in  Ref.  1,  let  us  consider  a  simple  isotropic,  isother¬ 
mal  model  for  the  pressure  tensor,  i.e., 

VPe  =  TeVne.  (9) 


0(me/rrii)  in  u\\e  and  uge ,  and  therefore  can  be  dropped. 
Summarizing,  the  proposed  nonzero-inertia  electron  model 
consists  of  Eqs.  (11),  (14),  and 

Te\nn-e<j)  =He{\jje)  -  mer2w2ge(\j/e)/2.  (15) 


Then  because  of  axisymmetry  and  no  resistivity,  the  azi¬ 
muthal  momentum  equation  reduces  to 


Ure  djfUee) 
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(10) 


It  is  evident  that  this  equation  determines  u±e ,  and  yields 
u±e  =  0  in  the  limit  mjmi  — >  0.  Making  use  of  the  magnetic 
streamfunction,  a  first  integral  of  Eq.  (10)  is 

rmeUQe  -  e\ //  =  De( (11) 


where  \j/e  is  the  electron  streamfunction,  satisfying  Eq.  (7) 
for  j  =  e,  and  De(i//e)  is  determined  from  throat  conditions 
too.  A  second  conservation  law  along  electron  streamtubes 
applies  to  the  Bernoulli  function, 

Te\nn-  e<j)  +  me(u2e  +  u29e)/ 2  =  He{^ie),  (12) 

with  He{\jje)  also  determined  from  throat  conditions.  The 
third  scalar  electron  momentum  equation  is  the  projection 
along  l±e  =  1  o  x  uQ/ue:  substituting  Eqs.  (11)  and  (12)  into 
Eq.  (16)  of  Ref.  1  yields 

.  .  mP  (  duP  \ 

UQeDe  =  rHe+—  \  Keue  -  J  ,  (13) 

where  primes  denote  derivatives  and  Ke  is  the  meridian  cur¬ 
vature  of  the  electron  streamtubes.  Equations  (1 1)— (13)  are 
exact  for  the  thermodynamic  model  of  Eq.  (9). 

The  electron  massless  model  of  Ref.  1  corresponds  to  the 
limit  me  — >  0  of  Eqs.  (1 1)— (13),  which  take  well-known 
forms:  Eq.  (11)  states  that  electron  streamtubes  are  magnetic 
streamtubes  and  therefore  yields  u±e  =  0;  Eq.  (12)  becomes 
the  Boltzmann  relation  along  electron  streamtubes,  with 
—He/e  the  so-called  “thermalized  potential;”  and  Eq.  (13) 
states,  first,  that  uq6  is  the  sum  of  E  x  B  and  \7p  x  B  drifts 
[Eq.  (25)  of  Ref.  1],  and,  second,  that  the  macroscopic  azi¬ 
muthal  frequency  is  constant  within  streamtubes,  that  is, 

ly  =  wee^e)  =  (14) 

a  property  known  as  isorotation.18  In  addition,  for  a  current- 
free  plasma,  we  infer  that  u\\e  ~  ue  ~  in  ~  cS9  whereas  the 
value  of  uge  is  closely  dependent  on  the  shape  of  n( 0,  r).  A 
typical  range  would  be  0(cs)  <  UQe  <  0(ce)  with 
ce  = 

In  a  collisionless  plasma,  electron-inertia  effects  consti¬ 
tute  the  only  contribution  making  u±e  different  from  zero. 
Hence,  an  electron  model  retaining  the  dominant  contribu¬ 
tion  of  every  component  of  ue  must  keep  the  whole  equation 
(11)  or  the  equivalent  Eq.  (10).  On  the  contrary,  the  terms 
with  meue  in  Eqs.  (12)  and  (13)  yield  only  a  contribution  of 


This  model  retains  fully  azimuthal  inertia  and  neglects  longi¬ 
tudinal  one.  Mathematically,  the  withdrawal  of  the  inertia 
term  in  Eq.  (13)  keeps  electron  momentum  equations  alge¬ 
braic,  a  very  positive  feature  to  be  exploited  next. 

Equation  (15)  provides  the  relation  between  n  and  </> 
required  by  Eqs.  (3)-(6).  However,  it  also  involves  the  elec¬ 
tron  streamfunction  \ jje(z,r).  Since  now  u±e  ^0,  electron 
streamtubes  separate  from  magnetic  streamtubes  and  their 
shape  must  be  determined  from  Eq.  (11).  Substituting 
Eq.  (14)  into  it  yields 

r2mewee(il/e)  -  ei p(z,  r)  =  De(\j/e),  (16) 

which  is  an  implicit  equation  for  i//e(z,r).  Therefore,  Eqs. 
(15)  and  (16)  complete  the  set  of  equations  (3)-(6).  Substi¬ 
tuting  the  derivatives  of  0,  Eqs.  (3)-(5)  constitute  a  set  of 
three  hyperbolic  equations  for  M0  >  1  that  are  integrated 
with  the  method  of  characteristics  of  Ref.  1. 

The  magnetic  and  electron  streamtubes  that  depart  from 
(z,  r)  =  (0,  R )  define,  respectively,  the  magnetic  nozzle  edge, 
r  =  Rb{z),  and  the  plasma  beam  edge,  r  =  Rv(z);  their  shapes 
are  obtained  from  solving  i//(0,R)  =  \jj(z,RB)  and  i//e(0,R) 
=  i l/e(z,Rv).  Since  Ry  =  Rb  for  me/mi  — »  0,  the  difference 
between  the  magnetic  and  beam  edges  measures  the  electron 
separation  caused  by  azimuthal  electron  inertia.  The  beam 
edge  delimits  an  ideal  plasma/vacuum  boundary.  In  order  to 
minimize  the  effect  of  an  artificial  pressure  jump  there,  we  will 
consider  initial  density  profiles  decaying  to  near-zero  at  the 
edge;  specifically,  we  will  take  n(0,R)  =  10_3«o- 

Equation  (16)  establishes  a  principal  feature  of  our  elec¬ 
tron  model:  electron  streamtubes  and  their  separation  from 
magnetic  streamtubes  depend  exclusively  on  the  magnetic 
topology  and  electron  conservation  laws,  and  are  independ¬ 
ent  of  the  ion  dynamics  and  the  plasma  density  map.  From 
Eqs.  (7)  and  (16),  the  slope  of  the  electron  streamtubes  is 

ure  di/jp/dz  eB  since 

uze  d4/e/ dr  eB  cos  a  —  2 mewoe 

This  yields  a  second  central  feature:  electron  separation  from 
magnetic  streamtubes  depends  exclusively  on  the  sign  of 
woei&e)’  which  is  determined  by  the  beam  conditions  at  the 
throat.  Assuming  a  steady-state  plasma  beam  inside  the  cy¬ 
lindrical  source  upstream  of  the  divergent  nozzle,  Tonks 19,20 
showed  that  the  azimuthal  electron  current  is  always  diamag¬ 
netic,  which  means  wge  >  0  (for  our  convention  on  a). 
Therefore,  under  that  general  equilibrium  condition,  one  has 

ure/uze>  tana  (18) 

and  the  electron  streamtubes  separate  outwards  from  the 
magnetic  streamtubes. 

Furthermore,  in  the  strong  magnetization  limit,  the 
upstream  plasma  equilibrium  corresponds  to  a  0-pinch,21 
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where  the  expanding  plasma  pressure  gradient  is  balanced  by 
the  confining  magnetic  force  generated  by  the  azimuthal 
plasma  current,  while  the  confining  electric  force  is  negligi¬ 
ble.  In  fact,  the  d -pinch  limit  of  Tonks  is  adopted  here  as  the 
radial  electron  equilibrium  at  the  throat 


0  =  -Te 


d  In  n 
dr 


eugeB  + 


r 


(19) 


The  last,  “centrifugal”  term  is  small  (and  partially  artificial, 
as  we  will  comment  later)  but  it  is  kept  for  the  mathematical 
consistency  of  our  fluid  model.  For  n( 0,  r)  given,  Eq.  (19) 
determines  the  distribution  of  angular  velocities, 


w&#e(0,r))  ~ 


Te  d  In  n 


eBr  dr 


J  z=0 


According  to  Eq.  (17),  the  magnitude  of  the  electron/mag¬ 
netic  separation  is  proportional  to  W0e/Cle,  with  Qe  =  eB/me 
the  local  electron  gyrofrequency.  Near  the  throat  and  for 
d Inn/ dr  ~  1/R ,  one  has  WQe/ Qe  ~  ( £eo/R )2,  which  shows 
that  electron-inertia  effects  are  indeed  FELR  effects.  Since 
woe  is  conserved  in  the  electron  streamtubes,  electron-inertia 
effects  grow  downstream  as  wge/ Qe  (x  B  l  ocR|,  as  pre¬ 
dicted  in  Ref.  6. 

To  complete  the  electron  model,  the  electron  initial  lon¬ 
gitudinal  velocity  must  be  defined.  Here,  we  will  impose  cur¬ 
rent  ambipolarity  locally  at  the  throat, 

Ue(0,r)  =  «;(0,r).  (20) 


IV.  DISCUSSION  OF  RESULTS 
A.  Plasma  expansion  features 

The  current  parametric  investigation  is  limited  to  the 
shape  of  the  initial  density  profile,  n( 0,  r),  and  two  dimen¬ 
sionless  parameters,  me/mi  and  Q/o  =  ClioR/cs.  As  an  alter¬ 
native  to  one  i  of  them,  the  FELR  parameter  £6q  =  £eo/R 
=  yj me/mi£ii0  can  be  used.  The  rest  of  parameters  of  the 
model  was  discussed  in  previous  works  and  they  have  no 
major  relevance  on  the  discussion  here.  Table  I  summarizes 
the  five  simulations  illustrated  in  the  figures  to  come.  Initial 
density  profiles  are  depicted  in  Fig.  1(b):  simulations  O  to 
C  correspond  to  a  plasma  beam  with  weo(0,  r)  =  const, 
yielding  a  near-Gaussian  density  profile, 


TABLE  I.  Parameters  of  the  different  simulations  presented  in  the  figures. 
Simulation  O  corresponds  to  the  zero  electron  inertia  limit.  Simulations  A 
and  B  differ  in  the  magnetic  intensity.  Simulations  A  and  C  differ  in  the  pro¬ 
pellant.  Simulations  A  and  D  differ  in  the  initial  density  profiles,  which  are 
defined  within  the  main  text.  All  simulations  take  Mo  —  1.05  to  ensure  Eqs. 
(3)-(5)  are  hyperbolic. 


Simulations 

Ao 

Ions 

a-o 

n  profile 

O 

0 

0.409 

Gaus  sian-like 

A 

5  x  i<r3 

Xe+ 

0.409 

Gaussian-like 

B 

5  x  10"2 

Xe+ 

0.0409 

Gaussian-like 

C 

5  x  1(T3 

H+ 

4.67 

Gaussian-like 

D 

5  x  1(T3 

Xe+ 

0.409 

Uniform-like 

n(  0,  r)  =  ftpexp 


-2  ewBexjj  +  meWger2 
2  Te 


(21) 


and  simulation  D  corresponds  to  an  initially  near-uniform 
beam,  treated  in  Subsection  IV  B. 

Figure  2  illustrates  electron  and  ion  separation  for  simu¬ 
lations  A  and  B,  which  operate  with  the  same  gas  (i.e.,  same 
me/mj)  and  different  magnetic  intensity  Bo.  As  discussed 
before,  electron  separation  is  outwards  and  it  increases  as  the 
magnetic  field  decreases.  The  ambipolar  electric  force 
caused  by  quasineutrality  tends  to  keep  the  ion  streamtubes 
close  to  the  electron  ones.  However,  the  incomplete  ion  mag¬ 
netization  makes  them  separate  inwards  from  the  electron 
streamtubes,  except  at  the  plasma/vacuum  edge  r  =Rv(z). 
Here  lies  a  key  difference  with  Hooper’s  class  of  models, 
which  tie  a  priori  ion  and  electron  streamtubes.  Let  a jb  = 
angle(/?,  uj)  (j  =  /,  e),  be  the  separation  angles  of  ion  and 
electron  streamtubes  with  respect  to  the  magnetic  field. 
Figure  3  plots  examples  of  the  possible  behaviors:  cceB  =  0 
and  otjB  <  0,  for  me/mi  =  0;  oteB  >  0  and  a/g  taking  both 
signs;  and  cc6b  >  0  and  a/#  >0.  Simulations  A  and  C  operate 
with  different  gases  but  share  the  same  magnetic  intensity. 
This  means  the  electron  separation  is  the  same  in  both  cases, 
but  ion  streamtubes  are  (slightly)  more  divergent  for  light 
hydrogen  ions  than  for  heavy  xenon  ions. 

Interestingly,  in  the  zero-inertia  limit  ion  separation  is 
always  inwards,  i.e.,  a/g  <  0.  This  implies  that  uoi  is  positive 
(for  a  plasma  source  yielding  a  negligible  ion  swirl  current), 
so  that  the  ion  azimuthal  current  is  paramagnetic  and  con¬ 
tributes  negatively  to  the  thrust.1  For  me/mi  ^  0,  the  ion  azi¬ 
muthal  current  can  take  both  signs  within  the  plasma  beam 
and  its  contribution  to  thrust  is  less  negative.  Anyway,  this 


FIG.  2.  Streamtubes  of  magnetic  field  (solid,  thick),  electrons  (solid,  thin),  and 
ions  (dashed)  for  simulations  A  and  B.  Each  group  of  3  lines  starts  from  the 
same  location  at  z  =  0,  thus  showing  the  downstream  electron  and  ion  separation 
from  the  magnetic  field.  R\  and  RB  represent  the  beam  and  nozzle  edges,  respec¬ 
tively.  The  electron  separation  of  simulation  A  is  the  same  as  that  of  C.  Notice 
the  different  axes  scales. 
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OteB  i 


0  0.5  1 


FIG.  3.  Examples  of  local  separation  angles  (in  degrees)  of  electron  (solid) 
and  ion  (dashed)  streamtubes  from  the  magnetic  streamtubes  in  different 
simulations  and  at  different  locations  (as  indicated  on  each  plot).  Electron 
separation  is  always  outwards;  ion  separation  can  be  outwards  or  inwards. 


contribution  is  marginal  in  all  practical  cases.  Inwards  ion 
separation  has  been  observed  in  several  recent  experi¬ 
ments.22-25  Outwards  ion  separation,  which  requires  out¬ 
wards  electron  separation,  has  been  observed  too.25 

The  outwards  separation  of  electron  streamtubes  implies 
that  a  stronger  radial  electric  field  is  needed  to  pull  ions 
towards  the  more  divergent  beam  edge  and  satisfy  quasineu¬ 
trality  there.  The  correlation  of  electron  separation  and  radial 
fall  of  the  electric  potential  is  evident  in  the  profiles  of  simu¬ 
lations  A  and  B  in  Fig.  4.  The  difference  between  simula¬ 
tions  A  and  C  is  due  to  the  different  ion  mass:  lower  electric 
fields  are  necessary  to  push  lighter  ions  radially. 

Figure  5  plots  the  local  plume  efficiency,  rj piume(z).  This 
was  defined  in  Eq.  (49)  of  Ref.  1  as  the  ratio  Pzi/Pz  of  the 
axial  flows  of  axial  versus  total  ion  energy  at  sections 
z  =  const.  We  observe  that  electron  inertia  penalizes  r]piume 
since  the  beam  divergence  increases,  but  the  penalty  is  small 
since  the  large  radial  rarefaction  leaves  a  very  small  beam 
density  at  the  edge  vicinity. 

The  electron  inertia  effects  analyzed  here  do  not  modify 
the  limits  of  validity  of  our  plasma  model,  which  were  set  al¬ 
ready  in  Ref.  1.  The  model  fails  downstream  because  of  (a) 
electron  demagnetization,  measured  by  te/R,  or  (b)  loss  of 


FIG.  4.  Radial  profile  of  electric  potential  at  z/R  =  5  for  simulations  A,  B, 
and  C;  0  —  e<f>/Te. 


FIG.  5.  Plume  efficiency  variation  along  z  for  simulations  A  and  B.  Plume 
efficiency  for  simulation  C  (not  shown  here)  is  practically  identical  to  simu¬ 
lation  A. 

electron  confinement,  measured  by  ue/ce.  Figure  6(a)  illus¬ 
trates  the  increase  of  ie/R  caused  by  the  decrease  of  mag¬ 
netic  intensity  in  a  divergent  topology.  Figure  6(b)  plots 
fi2/c2;  the  increase  of  this  parameter  downstream  (and 
mainly  near  the  plasma  edge)  is  caused  by  electron  flux  con¬ 
servation  under  the  large  plasma  rarefaction. 1  Since  the  rela¬ 
tive  contribution  of  electron  longitudinal  inertia  to  uoe  in  Eq. 
(13)  is  0(fi2/c2)  roughly  [see  Section  III],  there  is  no  addi¬ 
tional  restriction  to  the  validity  of  the  present  nonzero-inertia 
model.  To  confirm  this  last  trend,  Fig.  6(c)  plots  constant- 
level  lines  of  the  ratio  of  the  second  versus  the  first  term  on 


FIG.  6.  2D  maps  for  simulation  C  of:  (a)  electron  gyroradius  parameter, 
(b)  longitudinal  electron  velocity  parameter,  and  (c)  relative  contribution  of 
electron  longitudinal  inertia  to  uee  in  Eq.  (13). 
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the  right-hand- side  of  Eq.  (13).  Additionally,  since  these  two 
terms  have  different  signs,  we  conclude  that  longitudinal 
inertia  decreases  UQe  (and  thus  breaks  isorotation).  Finally, 
we  note  that,  for  simulation  A,  which  uses  xenon  instead  of 
hydrogen,  the  curves  of  Figs.  6(b)  and  6(c)  correspond  to 
values  two  orders  of  magnitude  lower,  while  Fig.  6(a) 
coincides. 

B.  Near-uniform  beam  at  the  throat 

A  uniform  density  profile  of  the  injected  plasma  beam 
[i.e.,  «(0,r)  =  const  =  no]  is  often  used  in  2D  studies  of 
magnetic  nozzles.10,26  That  profile  presents  a  strong  disconti¬ 
nuity  at  the  plasma-vacuum  edge  that  must  be  discussed. 
In  Ref.  1,  we  demonstrated  that,  in  the  limit  ie/R  — >•  0,  the 
discontinuity  is  in  fact  a  layer  of  0(te) -thickness,  where  a 
large  azimuthal  electron  current  develops  so  that  the  result¬ 
ing  magnetic  force  balances  the  plasma  pressure  jump.  Fur¬ 
thermore,  since  the  azimuthal  electron  current  is  zero  within 
the  uniform  beam,  the  electron  current  at  the  edge  becomes 
then  the  main  contribution  to  thrust  from  the  magnetic 
nozzle. 

Electron-inertia  effects  imply  that  £eo/R  ^  0  and  make 
it  impossible  to  maintain  the  above  two-scale  analysis.  In 
order  to  tackle  the  uniform-profile  case  within  a  one-scale 
analysis,  here  we  consider  a  profile  of  n( 0,  r),  which  is  uni¬ 
form  until  a  certain  radius  R\  close  to  R ,  and  then  decays 
exponentially  to  almost  zero.  Figure  1(b)  plots  the  particular 
profile  simulated  here,  with  R\  =0.8 R.  There  is  a  double  in¬ 
terest  in  simulating  a  near-uniform  profile.  The  first  one  is  to 
validate  the  results  of  the  two-scale  analysis  of  Ref.  1  and  to 
extend  them  beyond  the  asymptotic  limit  ie/R  — >  0.  The  sec¬ 
ond  one  is  that  a  near-uniform  profile  highlights  particular 
features  of  the  expansion  and  separation  of  the  plasma  beam, 
thus  casting  additional  light  on  the  subject. 

Figures  1(b)  and  7  plot  the  profiles  of  density  and  azi¬ 
muthal  electron  current,  respectively,  at  z/R  =  0  and  11.5  for 
the  case  of  a  near-uniform  density  profile  at  the  throat;  the 
Gaussian-profile  case  is  included  for  comparison.  For  the 
near-uniform  case,  the  plasma  beam  in  the  nozzle  can 
be  divided  into  central  and  peripheral  regions,  separated  by 
the  magnetic  streamtube  departing  from  r  =  R\,  that  is 


FIG.  7.  Azimuthal  electron  currents  (normalized  with  maximum  value  of 
each  curve)  for  simulations  A  (thin)  and  D  (thick).  The  dimensionless  peak 
values  are  5.46  at  z  =  0  (solid)  and  0.34  at  z/R  —  1 1.5  (dashed)  in  simulation 
A,  and  26.6  at  z  =  0  and  0.71  at  z/R  —  1 1.5  in  simulation  D.  Asterisks  corre¬ 
spond  to  the  same  points  of  Fig.  1(b). 


i/^(z,  r)  =  i/f(0,/?i),  marked  with  asterisks  in  the  figures.  The 
set  of  Eqs.  (14)  and  (19)  states  that  uge  =  0  in  the  whole  cen¬ 
tral  region,  which  is  illustrated  in  Fig.  7.  Therefore,  in  the 
central  region  there  is  no  electron  separation  and  no  mag¬ 
netic  force:  the  electron  pressure  gradient  observed  in  Fig. 
1(b)  is  balanced  only  by  the  electric  force.  On  the  contrary, 
the  plasma  behavior  in  the  peripheral  region  is  qualitatively 
identical  to  the  one  found  before  for  the  Gaussian  density 
profile,  as  Figs.  1(b)  and  7  illustrate  too.  An  interesting  fea¬ 
ture  is  that  the  separation  of  the  electron  streamtubes  is 
larger  the  more  uniform  the  initial  profile  is  (i.e.,  as  R\/R  is 
closer  to  one),  because  the  larger  pressure  gradient 
[~Teno/(R  —  /?i)]  requires  a  larger  UQe ,  which  in  turn  yields 
a  larger  u±e.  The  circles  in  Fig.  1(b)  correspond  to  r  =  Rb 
for  z/R  =11.5,  thus  showing  the  magnitude  of  the  separation 
of  the  electron  streamtube. 

V.  DISCUSSION  OF  MODEL  ASSUMPTIONS 
A.  On  current  ambipolarity  models 

The  local  CA  condition  is 

Ui  —  ue  =  0.  (22) 

Since  our  model  satisfies 

V  •  en(ui  —  iie )  =  0,  (23) 

imposing  CA  at  the  throat  section,  condition  (20),  is  enough 
to  assure  that  the  plasma  beam  is  current-free  in  the  whole 
nozzle,  that  is 

*v(z) 

drrn(uzi  —  uze)  =  0,  Vz.  (24) 

Jo 

The  imposition  of  CA  is  natural  in  quasi- ID  models,  where 
it  is  equivalent  to  the  current-free  condition,  but  in  our  2D 
diverging  nozzle  model,  local  CA  is  not  fulfilled  in  any  vol¬ 
ume,  independently  of  both  boundary  conditions  and 
electron-inertia  effects.  As  discussed  in  Ref.  1,  the  non- 
fulfilment  of  CA  is  an  immediate  consequence  of  the  separa¬ 
tion  between  electron  and  ion  streamtubes,  which  is  possible 
thanks  to  the  partial  magnetization  of  ions  and  the  ambipolar 
electric  field  preserving  quasineutrality.  Furthermore,  Figs. 
7(c)  and  8(c)  of  Ref.  1  illustrated  that  imposing  CA  either  at 
the  throat  or  at  a  downstream  section,  CA  is  not  fulfilled  in 
the  rest  of  nozzle  sections. 

Although  electron-inertia  effects  have  little  to  do  with 
CA  fulfilment,  they  have  been  a  central  piece  in  the  formula¬ 
tion  of  Hooper’s  model.10  We  are  now  able  to  show  that  this 
model  is  mathematically  inconsistent  and  yields  nonphysical 
solutions.  Notice  first,  that  our  2D  model  involves  8  inde¬ 
pendent  scalar  equations  for  8  scalar  variables:  «/,  ue ,  n,  and 
</>.  Clearly,  none  of  the  particle  and  momentum  equations  is 
dispensable;  also,  although  the  equations  are  coupled  among 
them,  it  is  possible  to  identify  which  plasma  variable  is 
determined  preferentially  by  each  equation. 

Hooper  applies  Eq.  (22)  instead  of  Eq.  (23).  This  substi¬ 
tution  adds  one  extra  equation  to  the  problem,  making  it  in¬ 
compatible,  as  we  show  next.  The  set  of  equations  (4)-(6) 
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plus  Eq.  (10)  substituting  u±e  with  u_u  is  complete  for  the 
four  variables  w/,  and  uge  in  a  cold  plasma.  Notice  that  the 
modified  Eq.  (10) — or  Eq.  (11) — determines  UQe.  Apart  from 
these  four  equations,  Eq.  (3)  would  yield  n.  Still  there  are  the 
two  electron  longitudinal  momentum  equations,  (14)  and 
(15),  to  be  satisfied  but  only  one  variable,  <fi,  remains  unde¬ 
termined.  The  incompatibility  of  this  CA  model  lies  in  that 
Eq.  (14)  also  determines  uge — stating  it  to  be  the  well  known 
(i enE  +  \7pe )  x  B  drift.  Clearly,  the  over-determined  charac¬ 
ter  of  the  model  would  be  avoided  by  just  removing  the  CA 
condition  and  letting  Eq.  (10)  to  determine  u±e{^  u_u),  as 
we  do. 

We  can  venture  the  reasons  why  Hooper,  in  an  other¬ 
wise  well-reasoned  and  clearly  presented  paper,  did  not 
detect  the  model  inconsistency.  The  first  reason  is  that, 
although  he  was  well  aware  that  CA  is  just  an  approximation 
in  a  2D  model  (he  devotes  a  whole  section  to  discuss  CA) 
he  supposed  the  approximation  to  be  a  good  one.  The  second 
reason  is  that  an  omission  on  the  manipulation  of  the  equa¬ 
tions  rendered  his  CA  model  mathematically  compatible.  To 
explain  it,  let  us  first  write  Eqs.  (14)  and  (15)  in  the  compact 
form 


0  =  V 


Te  In  n  —  ecj)  +  -meUQe 


UQe  dDe 


(25) 


Hooper’s  error  was  to  treat  the  function  De(i[/e)  (—e'i'o  in  his 
notation)  as  a  constant,  when,  both  in  the  general  case  and  in 
his  application  to  a  uniform  beam  with  UQe(0,  r )  =  0,  it  is  not. 
That  mistake  leads  to  the  omission  of  the  last  term  of 
Eq.  (25):  this  term  (divided  by  me )  is  missed  in  Eq.  (11)  of 
Hooper,10  in  Eq.  (2.8)  of  Schmit  and  Fisch,13  and  in  Eqs.  (8) 
and  (9)  of  Little  and  Choueiri.14  The  maimed  version  of  equa¬ 
tion  (25)  yields  only  one  scalar  equation:  He(\l/e)  =  const,  and 
misses  completely  the  indispensable  Eq.  (14).  The  “vacancy” 
left  by  Eq.  (14)  was  supplanted  by  imposing  CA,  leading  to  a 
model  mathematically  compatible  but  ill-derived  and 
nonphysical. 

The  nonphysical  aspects  of  Hooper’s  model  can  be  dis¬ 
cussed  in  terms  of  the  electric  potential.  First,  his  cold  plasma 
satisfies  a  limit  form  of  Eq.  (15):  ecj)  —  meu2ee/2  =  0,  Eq.  (12) 
of  Ref.  10.  This  implies  that  (j)  is  minimum  at  the  axis  and 
grows  radially,  indeed  pushing  electrons  radially  outwards, 
fully  opposed  to  a  typical  plasma  expansion.  Second,  the  na¬ 
ture  of  the  electric  field  in  the  cold  plasma  model,  responsible 
of  keeping  quasineutrality  and  2D  current  ambipolarity,  is 
very  uncertain.  Schmit  and  Fisch  speculate  on  the  presence  of 
“local  microscopic  ambipolar  electric  fields,”  while  “no  mac¬ 
roscopic  self-field  can  arise  in  the  system.”  But  our  hot- 
plasma  (quasineutral)  model  shows,  first,  that  the  ambipolar 
electric  field  is  proportional  to  Te ,  and  second,  the  pressure 
contribution  can  never  be  dropped,  even  downstream,  since  it 
always  dominates  over  the  ambipolar  electric  force.  This  is 
true  also  for  an  adiabatic  electron  pressure  law,  instead  of  an 
isothermal  one,  and  for  a  plasma  beam  injected  at  high  super¬ 
sonic  velocities,  i.e.,  Mq  large,  a  case  approaching  Hooper’s 
one,  and  commented  in  Ref.  6. 

Consequently,  the  cold-plasma  case  is  not  a  regular  limit 
of  the  hot-plasma  model.  Furthermore,  as  the  plasma 


becomes  more  supersonic,  the  perpendicular  electric  field 
and  plasma  rarefaction  become  larger.  This  weakens  plasma 
quasineutrality  and  supports  the  idea  that  the  electric  field  in 
the  cold-plasma  limit  is  of  non-neutral  character,  generated 
by  the  space-charge  being  built  between  weakly  magnetized 
ions  trying  to  move  axially  and  electrons  trying  to  follow  the 
divergent  magnetic  lines.  The  idea  of  electrostatic  separation 
as  a  detachment  mechanism  of  the  far-downstream  plasma 
was  raised  in  Ref.  6. 

Little  and  Choueiri14  have  extended  Hooper’s  model  to 
a  hot  plasma,  adding  the  pressure  contribution  to  their  equa¬ 
tions  for  the  longitudinal  velocity  of  the  electron-ion  pair. 
Apart  from  using  an  approximate  continuity  equation  to 
determine  n ,  the  main  objection  here  is  that,  as  Hooper,  they 
integrate  the  resulting  equations  along  the  well-tied  electron- 
ion  streamlines,  and  they  maintain  the  mathematical  omis¬ 
sion  in  Eq.  (25).  Instead,  our  ion  equations  (3)-(5)  take  cj)(n ) 
from  the  electron  model  and  are  integrated  along  the  classi¬ 
cal  three  families  of  characteristics  lines  of  an  expanding  hot 
gas:  ion  streamlines  and  the  pair  of  Mach  lines.1 

Our  conclusion  is  that  the  failure  of  CA  and  thus  the 
presence  of  longitudinal  currents  are  inherent  to  the  2D  di¬ 
vergent  expansion  of  a  plasma  beam  with  partially  magne¬ 
tized  ions.  Furthermore,  we  believe  it  to  be  fundamental  for 
downstream  plasma  detachment.6  CA  would  be  fulfilled  in 
the  ion  strong -magnetization  limit,  defined  as  QiR/cs  — ►  oo, 
when  ion  streamtubes  coincide  with  electron  and  magnetic 
streamtubes.  But  the  ion  strong-magnetization  limit  is  not 
appropriate  for  magnetic  intensities  and  propellants  used  in 
plasma  thrusters.  Besides,  even  if  that  limit  is  applicable  at 
the  throat  region,  it  eventually  fails  downstream. 

The  presence  of  longitudinal  currents  raises  the  issue  of 
the  current  closure,  which  was  already  commented  in  Ref.  1 
and  continues  open.  A  reliable  answer  requires  both  to 
extend  the  2D  nozzle  model  far  downstream  and  to  match  it 
upstream  with  a  plasma  source  model.  One  presumes  that  for 
the  plasma  beam  injecting  into  a  weak  environmental 
plasma,  a  far  downstream  current  closure  across  the  mag¬ 
netic  field  can  be  postulated.  Also,  if  the  plasma  beam 
impinges  on  a  conducting  plate,  this  will  host  the  current  clo¬ 
sure  path.  However,  if  the  beam  impinges  on  an  absorbing  or 
recombining  insulating  surface — like  in  Fig.  (8c)  of  Ref.  1 — 
the  current  closure  is  expected  to  happen  upstream,  in  the 
more-collisional  plasma  source. 

B.  On  full  FELR  effects 

The  electron-inertia  hot-plasma  model  discussed  hereto 
assumes  the  simplest  form  of  the  pressure  tensor  of  Eq.  (9):  Pe 
is  diagonal,  isotropic,  and  isothermal.  Non-isothermality  is  easy 
to  take  into  account  and  leads  mainly  to  a  qualitative  change  on 
the  far  plasma  response.  Pressure  anisotropy,  with  different 
parallel  and  perpendicular  temperatures,  is  of  interest  for  certain 
plasma  thrusters,  in  particular  the  electrodeless  electron  cyclo¬ 
tron  resonance  thruster.11,27  Non-isothermality  and  anisotropy 
are  dominant  (i.e.,  zero-Larmor-radius)  effects  on  the  electron 
response  and  require  an  independent  study. 

On  the  contrary,  the  non-diagonal  part  of  the  pressure 
tensor,  He ,  known  as  the  stress  or  gyro  viscous  tensor7-9 
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defines  the  gyroviscous  force,  G  =  V  •  He,  which  is  a  finite 
Larmor-radius  effect.  In  the  present  case,  where  electron- 
inertia  effects  are  limited  to  the  azimuthal  momentum  equa¬ 
tion,  Eq.  (10),  only  the  component  Gq  could  be  relevant. 
Although  recognizing  its  importance,  the  evaluation  of  the 
gyroviscous  force  is  a  challenge  which  merits  a  dedicated 
work.  The  first  difficulty  is  that  there  is  no  consensus  on  the 
expression  of  the  gyroviscous  force,  although  Ramos9  has 
derived  recently  a  general  (and  extremely  involved)  expres¬ 
sion  of  it,  which,  in  different  limits,  recovers  cases  of  other 
authors.  In  particular,  for  a  near-Maxwellian  electron  veloc¬ 
ity  distribution  function  with  temperature  Te ,  the  gyroviscous 
force  would  reduce  to  Braginski’s  expression,8  which  is 
Eq.  (28)  of  Ref.  9. 

Focusing  now  on  that  expression,  the  second  challenge 
is  that  the  gyroviscous  force  includes  several  terms,  which 
can  be  grouped  on  two  types.  On  the  one  hand,  there  are  lin¬ 
ear  terms  on  first-order  derivatives  of  ue  and  pe ,  which  would 
provide  a  partial  diamagnetic  cancellation  of  electron  iner¬ 
tia.7  For  instance,  they  would  cancel  the  small  “centrifugal 
force”  in  Eq.  (19)  and  would  oppose  (but  may  not  cancel) 
the  convective  radial  derivative  of  Eq.  (10).  On  the  other 
hand,  there  is  the  true  viscous  contribution,  consisting  of 
terms  with  second  order  derivatives  of  ue  and  products  of 
first-order  derivatives  of  ue  and  pe.  These  terms  break  the 
hyperbolicity  of  the  ion  equations,  making  our  current  inte¬ 
gration  approach  inapplicable. 

Since  the  gyroviscous  force  is  proportional  to 
Te/eBo  =  (4o/^)2,  given  Bq  it  vanishes,  together  with  the 
pressure,  only  in  the  cold  plasma  case.  For  the  case  of  inter¬ 
est  of  a  hot-plasma  in  a  diverging  nozzle,  the  suitable  expres¬ 
sion  of  the  gyroviscous  force  and  the  relative  ordering  of  its 
different  terms  has  to  be  assessed.  This  will  indicate  whether 
there  is  a  parametric  range  where  the  gyroviscous  force  can 
dominate  FELR  effects. 

VI.  CONCLUSIONS 

Electron-inertia  constitutes  a  mechanism  capable  of 
detaching  highly  magnetized  electrons  from  nozzle  magnetic 
streamtubes.  Electron-inertia  effects  are  part  of  finite 
electron-Larmor  radius  effects.  Therefore,  they  increase 
downstream,  as  the  magnetic  strength  decreases,  and  consti¬ 
tute  a  sign  of  plasma  demagnetization. 

Here,  dominant  electron-inertia  effects  have  been  stud¬ 
ied  within  an  isothermal  fluid  model.  The  electron  momen¬ 
tum  equations  reduce  to  three  algebraic  laws,  stating 
conservation  of  the  Bernoulli  function  and  the  azimuthal  mo¬ 
mentum,  and  isorotation  along  electron  streamtubes.  As  a 
consequence,  the  shape  of  the  electron  streamtubes  and  thus 
their  separation  from  magnetic  streamtubes  becomes  inde¬ 
pendent  of  the  ion  dynamics.  This  electron  model  yields, 
under  rather  general  equilibrium  conditions  on  the  injected 
plasma  beam,  that  electrons  separate  outwards  of  the  mag¬ 
netic  lines,  the  plasma  beam  thus  progressively  filling  the 
vacuum  region  adjacent  to  the  nozzle,  which  is  coherent 
with  FELR  effects  leading  to  plasma  demagnetization. 

While  electron  separation  depends  mainly  on  the  elec¬ 
tron  Larmor  radius,  ion  separation  depends  on  both  the  ion 


Larmor  radius  (based  on  the  directed  velocity)  and  the  ambi- 
polar  perpendicular  electric  field  (affected  by  electron  sepa¬ 
ration).  Both  inwards  and  outwards  ion  separation  from  the 
magnetic  lines  can  take  place,  as  it  has  been  observed  experi¬ 
mentally.  As  long  as  the  FELR  parameter  is  small,  it  penal¬ 
izes  only  slightly  the  plume  efficiency.  When,  farther 
downstream,  the  FELR  parameter  becomes  of  order  one,  the 
plasma  demagnetizes,  but  this  nozzle  region  is  out  of  the  lim¬ 
its  of  the  present  model. 

A  study  of  near-uniform  beams  at  the  throat  has  con¬ 
firmed  a  previous  two-scale  study  for  the  zero  electron  gyro- 
radius  limit  and  makes  more  evident  the  role  of  the 
azimuthal  electron  current  on  the  force  balance  and  the 
plasma  separation,  which  is  larger  in  plasma  beams  injected 
with  large  pressure  gradients. 

A  dissection  of  Hooper’s  model,  which  yields  inwards 
electron  separation,  has  been  undertaken  in  order  to  under¬ 
stand  the  cause  of  our  mutual  disagreement.  It  has  been  dem¬ 
onstrated  that:  (1)  forcing  current  ambipolarity  everywhere 
leads  to  an  incompatible  model,  where  uoe  is  determined 
simultaneously  from  two  independent  equations;  (2)  a  term 
was  erroneously  omitted  in  the  manipulation  of  the  equations, 
with  important  consequences  on  the  resulting  model;  and  (3) 
the  electric  potential  presents  a  nonphysical  profile  and  its 
ambipolar  character — justifying  a  quasineutral  model — is 
uncertain  in  his  cold  plasma. 

It  is  concluded  that  the  failure  of  current  ambipolarity  is 
natural  in  the  diverging  expansion  of  a  meso-magnetized 
plasma  and  possibly  fundamental  for  its  downstream  detach¬ 
ment,  but  we  acknowledge  that  the  upstream  and  downstream 
current  closures  remain  an  issue  to  be  studied.  For  the  future, 
a  dedicated  analysis  of  the  gyroviscous  force — very  scarcely 
studied  in  the  plasma  propulsion  context — seems  convenient. 
This  force  could  compete  with  electron  inertia  and  completes 
FELR  effects  on  a  hot,  collisionless  plasma.  However,  the 
gyroviscous  force  could  ruin  the  hyperbolicity  of  our  equa¬ 
tions,  invalidating  our  efficient  and  successful  integration 
scheme  for  the  plasma/nozzle  problem. 
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The  expansion  of  a  plasma  with  two  disparate  electron  populations  into  vacuum  and  channeled  by 
a  divergent  magnetic  nozzle  is  analyzed  with  an  axisymmetric  model.  The  purpose  is  to  study  the 
formation  and  two-dimensional  shape  of  a  current-free  double-layer  in  the  case  when  the  electric 
potential  steepening  can  still  be  treated  within  the  quasineutral  approximation.  The  properties  of 
this  quasi-double-layer  are  investigated  in  terms  of  the  relative  fraction  of  the  high-energy  electron 
population,  its  radial  distribution  when  injected  into  the  nozzle,  and  the  geometry  and  intensity  of 
the  applied  magnetic  held.  The  two-dimensional  double  layer  presents  a  curved  shape,  which  is 
dependent  on  the  natural  curvature  of  the  equipotential  lines  in  a  magnetically  expanded  plasma 
and  the  particular  radial  distribution  of  high-energy  electrons  at  injection.  The  double  layer 
curvature  increases  the  higher  the  nozzle  divergence  is,  the  lower  the  magnetic  strength  is,  and  the 
more  peripherally  hot  electrons  are  injected.  A  central  application  of  the  study  is  the  operation  of  a 
helicon  plasma  thruster  in  space.  To  this  respect,  it  is  shown  that  the  curvature  of  the  double 
layer  does  not  increment  the  thrust,  it  does  not  modify  appreciably  the  downstream  divergence  of 
the  plasma  beam,  but  it  increases  the  magnetic-to-pressure  thrust  ratio.  The  present  study  does  not 
attempt  to  cover  current-free  double  layers  involving  plasmas  with  multiple  populations  of  positive 
ions.  © 2013  American  Institute  of  Physics.  [http://dx.doi.org/10.1063/L4789900] 


I.  INTRODUCTION 

Expansion  of  a  current-free  (CF)  plasma  into  vacuum, 
whether  geometrically  or  magnetically  channeled,  is  inher¬ 
ently  associated  with  the  existence  of  an  electric  held  created 
by  the  plasma,  which  accelerates  ions  and  confines  electrons 
along  the  expansion  direction  (except  for  the  small  electron 
drift  current  that  keeps  the  plasma  beam  globally  current- 
free).  Under  certain  circumstances,  a  significant  part  of  the 
total  potential  drop  takes  place  in  a  thin  non-neutral  plasma 
region,  known  as  current-free  double-layer  (CFDL).  A  recent 
review  by  Singh1  has  highlighted  the  upsurge  of  research  on 
CFDLs  due  to  their  applications  to  plasma  acceleration, 
astrophysical  plasmas,  and  helicon  plasma  devices  (HPDs). 

Several  of  Singh’s  conclusions  serve  as  the  starting 
framework  for  the  present  study.  First,  he  establishes  the  ex¬ 
istence  of,  at  least,  two  different  categories  of  CFDLs:  the 
one  that  can  develop  in  two-electron-temperature  (2ET)  plas¬ 
mas  and  the  one  observed  in  the  laboratory  experiments  with 
HPDs;  furthermore,  it  is  concluded  that  “the  physical  process 
taking  place  in  the  formation  of  2ET-CFDLs  appears  to  be 
quite  different  from  that  in  the  formation  of  HPD-CFDLs.” 
Second,  the  theoretical  understanding  of  the  2ET-CFDL  is 
considered  quite  established,  and  this  DL  is  regarded  as  a 
“robust  phenomenon,”  which  has  been  identified  in  labora¬ 
tory  experiments  and  in  large-scale  models  and  numerical 
simulations  of  space  and  astrophysical  plasmas.  Third,  in 
spite  of  these  advancements,  the  review  expresses  the  neces¬ 
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sity  of  studying  further  the  multi-dimensional  structures  of 
2ET-CFDLs.  And  fourth,  in  contrast  with  2ET-CFDLs,  it  is 
acknowledged  that  a  sound  theoretical  development  of  HPD- 
CFDLs  is  still  lacking.  Finally,  the  reference  list,  covering 
theoretical,  numerical,  and  experimental  studies,  presented 
in  Singh’s  review  is  quite  exhaustive;  therefore,  here  only 
those  works  more  connected  to  ours  will  be  cited. 

The  understanding  of  the  2ET-CFDL  is  based,  on  the 
one  hand,  on  the  commendable  experiments  by  Hairapetian 
and  Stenzel2,3  with  2ET  plasmas  expanding  in  a  vacuum 
chamber  with  a  near-uniform  magnetic  held  and,  on  the 
other  hand,  on  the  one-dimensional(lD)  models  of  Bezzer- 
ides  et  al .,4  Perkins  and  Sun,5  Barakat  and  Schunk,6  and 
Ahedo  and  Martmez-Sanchez.7  The  2ET-CFDL  is  likely  the 
simplest  type  of  CFDL,  since  it  may  involve  just  a  collision- 
less  plasma  constituted  by  three  distinguished  species:  posi¬ 
tive  ions  and  two  electronegative  populations  of  disparate 
thermal  energies.  Commonly,  these  last  ones  are  Maxwellian 
(or  “cold”)  and  suprathermal  (or  “hot”)  electrons.  The  two- 
dimensional  (2D)  structure  of  the  2ET-CFDL  was  observed 
experimentally  by  Hairapetian  and  Stenzel,  and  curved  2ET- 
CFDLs  have  been  detected  in  astrophysical  plasmas  too.1,8 
The  central  aim  of  the  present  work  is  to  develop  a  2D  mac¬ 
roscopic  model  of  the  2ET-CFDL  and  its  surrounding  plasma 
in  order  to  understand  the  role  of  plasma  conditions  on  its 
formation,  location,  and  curvature. 

The  laboratory  HPD-CFDL  has  been  studied  extensively 
by  several  groups — Refs.  9-17  being  representative  of  such 
activity,  —  and  there  is  evidence  of  the  emission  of  supra¬ 
thermal  electrons  in  HPDs, 11,13,18-20  possibly  generated  by 
electron- wave  Landau  resonance.21  In  spite  of  such  amount 
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of  research  and  the  presence  of  a  2ET  plasma,  there  is  an 
incomplete  understanding  of  the  HPD-CFDL  and  there  are 
reasons  to  defend  a  separate  category  for  them.  Singh  states 
that  the  HPD-CFDL  is  “device  specific,”1  in  the  sense  that 
experimental  results  are  diverse  and  a  systematic  characteri¬ 
zation  of  the  HPD-CFDL  is  still  pending.  The  experimental 
evidence  shows  that  the  plasma  in  a  HPD-CFDL  is  more 
complex  than  the  one  considered  in  the  2ET-CFDL  case:  in  a 
typical  HPD-CFDL  experiment,  the  device  emits  a  partially 
ionized,  2ET  plasma  into  a  background  plasma,  this  one  con¬ 
fined  by  a  diffusion  chamber  (or  the  vacuum  chamber).  As  a 
consequence,  downstream  ionization  and  other  collisional 
processes  can  be  important  and  a  secondary,  low-energy 
population  of  ions  can  form  outside  of  the  source  (see,  e.g., 
Fig.  1  in  Ref.  15).  Thus,  the  HPD-CFDL  would  involve  typi¬ 
cally  a  partially  collisional  plasma  with  at  least  five  distin¬ 
guished,  counterstreaming  species  (taking  into  account  the 
neutrals),  as  it  is  assumed,  e.g.,  in  the  theory  of  Liebermann 
et  al.22  That  theory  resembles  the  classical  one  for  the 
current-carrying  Langmuir  DL,23  laying  a  central  role  on  DL 
formation  to  the  presence  of  trapped  and  freely  accelerated 
ions,  while  forward  and  backward  flows  of  suprathermal 
electrons  would  adjust  to  meet  the  current-free  condition. 
This  5-species  HPD-CFDL  is  not  discussed  in  this  paper. 

Interestingly,  part  of  the  experiments  on  HPD-CFDLs  is 
meant  to  study  the  use  of  helicon  plasma  devices  as  space 
thrusters.  However,  there  are  two  crucial  conditions  of  a  heli¬ 
con  plasma  thruster  operating  in  space  that  differ  from  those 
of  the  aforementioned  HPD-CFDL  laboratory  experiments. 
First,  for  a  space  thruster  to  be  competitive,  the  emitted 
plasma  must  be  near-fully  ionized  and  hot,  which  means 
quasi-collisionless.24  And  second,  there  is  no  interaction  of 
the  emitted  plasma  with  the  very  tenuous  plasma  of  the  space 
environment  in  the  distances  of  interest.  Therefore,  for  a 
HPD  operating  in  space  and  emitting  a  plasma  with  supra¬ 
thermal  electrons,  a  2ET-CFDL,  instead  of  a  HPD-CFDL, 
could  form. 

In  the  typical  configuration  of  a  helicon  thruster,  the 
plasma,  after  leaving  the  chamber,  is  guided  and  expanded 
supersonically  by  a  divergent  magnetic  nozzle.25-28  To  this 
respect,  it  is  important  again  that  collisions  are  negligible, 
since  otherwise  they  would  screen  the  magnetic  channeling 
and  annihilate  its  benefit  in  thrust  efficiency.29,30  This  justi¬ 
fies  that  our  2D  model  of  a  2ET-CFDL  is  built  upon  two  pre¬ 
vious  ones.  The  first  one  describes  the  quasi- ID  expansion 
of  a  2ET  plasma  in  a  convergent-divergent  geometry.7,31 
This  ID  model  characterizes,  in  terms  of  the  temperature 
and  density  ratios  of  the  electron  populations,  the  parametric 
regime  where  a  CFDL  is  formed  as  a  discontinuity  surface  of 
the  quasineutral  solution.  The  second  model  analyzes  the  2D 
expansion  of  a  single  electron  temperature  (1ET)  plasma — 
i.e.,  a  simple  plasma — in  a  divergent,  axisymmetric  magnetic 
nozzle.29  This  model  shows  that  crucial  2D  phenomena  are 
missed  by  ID  nozzle  models,  such  as  the  strong  radial  rare¬ 
faction  of  the  beam,  the  separation  of  ion  and  magnetic 
streamtubes,  the  plume  efficiency,  and  the  magnetic  charac¬ 
ter  of  thrust  in  the  nozzle  (based  on  the  axial  magnetic  force 
of  azimuthal  plasma  currents).  The  2D  model  achieves  a 
neat  formulation  by  considering  that  the  plasma  expansion  is 


collisionless  and  electrons  are  fully  magnetized.  The  inclu¬ 
sion  of  a  2ET  plasma  model  into  the  2D  nozzle  model  allows 
us  to  analyze  the  formation  and  2D  shape  of  a  2ET-CFDL. 
The  influence  of  the  intensity  and  geometry  of  the  applied 
magnetic  field,  and  of  the  hot-to-cold  electron  radial  distribu¬ 
tion  at  injection  are  investigated. 

A  controversial  subject  related  to  helicon  plasma  thrust¬ 
ers  has  been  whether  the  CFDL  can  have  a  propulsive  role, 
since  Charles  and  Boswell9  claimed  that  the  CFDL  was  an 
innovative  thrust  mechanism.  On  the  one  hand,  ID  models 
show  that  the  2ET-CFDL  does  not  increment  thrust  and 
modifies  very  slightly  the  thruster  efficiency.31,32  On  the 
other  hand,  the  2D  model  of  a  1ET  plasma  shows  that  the 
downstream  divergence  of  the  plasma  beam  (one  of  the  fea¬ 
tures  reducing  the  thruster  efficiency),  is  dependent  on  the 
magnetic  nozzle  divergence  and  strength.  In  the  present 
work,  we  assess  how  the  curved  2D  shape  of  the  2ET-CFDL 
can  change  the  average  divergence  of  the  plasma  beam  and 
whether  this  can  affect  the  thruster  efficiency. 

The  rest  of  the  paper  is  organized  as  follows.  Section  II 
reviews  the  main  conclusions  on  2ET-CFDLs  emanating 
from  previous  studies.  This  review  is  pertinent  for  the  discus¬ 
sion  of  the  2D-2ET  model  to  follow,  and  also  as  a  comment 
to  subjects  raised  in  Singh’s  paper.  Section  III  formulates  the 
2D-2ET  plasma/nozzle  model.  Section  IV  presents  main 
results  and  discusses  the  influence  of  different  parameters. 
Section  V  discusses  propulsive  performances.  Finally,  con¬ 
cluding  remarks  are  gathered  in  Sec.  VI. 


II.  ON  PROFILE  STEEPENING  AND  DOUBLE-LAYER 
FORMATION 

The  first  point  we  want  to  highlight  is  that  an  ambipolar 
steepening,  at  some  intermediate  location,  of  the  profiles  of 
plasma  density  n  and  electric  potential  </>,  occurs  naturally  in 
a  simple  1ET  current- free  plasma  expanding  into  vacuum; 
see  for  instance,  Fig.  1  of  Ref.  1.  The  typical  amplitude  of 
the  potential  steepening  is  the  plasma  temperature,  and  its 
typical  thickness  (in  a  weakly  collisional  plasma)  is  the  geo¬ 
metrical  length  R  of  the  plasma  region.  In  an  unmagnetized 
cylindrical  plasma  expanding  into  vacuum,  that  length  can 
be  the  tube  radius.  In  a  plasma  channeled  by  a  diverging 
magnetic  nozzle,  the  steepening  length  is  the  curvature  ra¬ 
dius  Rn  of  the  magnetic  field.  Plasma  profiles  expectedly 
become  more  steepened  as  R  or  Rn  decrease.  In  a  multi¬ 
species  plasma,  with  populations  of  different  mean  energies, 
profile  slopes  can  depend  on  the  locally  dominant  species, 
and  additional  steepening  can  occur. 

Depending  on  the  properties  of  the  expanding  plasma, 
the  potential  drop  can  concentrate  locally  to  give  rise  to  a 
DL.  The  most  relevant  literature  is  unanimous  in  that  a  DL  is 
a  thin,  non-neutral  layer  between  two  adjacent  quasineutral 
regions.32-34  This  statement  makes  full  sense  only  within  a 
two-scale  analysis  based  on  the  asymptotic  zero-Debye- 
length  limit,  i.e.,  Xd/R  — >  0.  In  real  devices  and  in  single¬ 
scale  models,  where  Xd/R  can  be  small  but  not  zero,  the 
above  statement  must  be  interpreted  in  the  following  way:  a 
DL  in  a  plasma  of  temperature  Te  is  a  region  where  the 
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electric  field,  E ,  is  of  order  ~Te/ (eXp),  in  contrast  to  a  typi¬ 
cal  value  of  ~Te/(eR)  outside  the  DL.  For  instance,  a  plasma 
with  n  ~  1017  m-3  and  Te  ~  5  eV  has  X d  ~  50  pm.  Thus, 
for  R  =  5  cm,  we  have  ~  1CT3,  and  typical  DL  and 
ambipolar  electric  fields  would  be  clearly  distinct:  ~  103  V/ 
cm  and  ^1  V/cm,  respectively. 

In  practice,  the  unequivocal  presence  of  a  DL  is  more 
difficult  to  ascertain  when  Xp/R  is  moderately  small  or  the 
maximum  electric  field  in  the  plasma  is  in  the  intermediate 
range  Te/R  <C  eE  <C  Te/ Xq.  The  term  weakDL  is  sometimes 
used  for  these  cases.  It  turns  out7  that  a  2ET-CFDL  is  always 
weak  because  the  electric  space-charge  pe  is  always  small, 
i.e.,  pe/{en)  <C  (1).  The  electric  field  of  the  2ET-CFDL  is 
~Th/(eLDL)  with  Ldl  =  \/e,)Th/ (epc)  and  Th  the  tempera- 
ture  of  hot  electrons.  This  weak  character  would  explain  the 
difficulty  to  distinguish,  in  practice,  between  a  “true,”  non¬ 
neutral  CFDL  and  just  an  enhanced  ambipolar  steepening, 
termed  “quasineutral  steepened  layer”  (QSL)  by  Ahedo  and 
Martinez- Sanchez. 7  Here,  we  have  opted  for  the  more  identi¬ 
fiable  name  of  “quasi-double-layer”  (QDL). 

At  any  rate,  two-scale  models,  like  the  one  to  be  used 
here,  are  unambiguous  on  whether  the  2ET  plasma  presents 
a  QDL  or  a  (true)  DL.  Bezzerides  et  al .,4  for  a  time- 
dependent  expansion,  and  Barakat  and  Schunk6  and  Ahedo 
and  Martmez-Sanchez,7  for  a  steady-state  one,  have  demon¬ 
strated  that  augmenting  the  suprathermal  electron  relative 
density  or  temperature  increases  progressively  the  steepening 
of  the  QDL,  until  the  quasineutral  spatial  profile  becomes 
multivalued  and  a  discontinuity  (i.e.,  the  DL)  has  to  be 
postulated.  For  the  standing  case,  Ahedo  and  Martmez- 
Sanchez  determine,  in  the  hot  electron  density-temperature 
parametric  plane,  the  boundary  line  between  QDL  and  DL 
regimes.  Ahedo31  also  shows  that  the  shift  of  dominance 
from  cold  to  hot  electrons  across  a  QDL  involves  a  large 
change  in  the  sound  speed  of  the  plasma.  This  makes  the  var¬ 
iation  of  the  plasma  Mach  number  non-monotonic,  and  the 
potential  steepening  is  maximum  around  the  location  where 
the  supersonic  Mach  number  presents  a  local  minimum.  For 
this  “anomalous  thermodynamics,”4  Ahedo  demonstrated 
that  the  transition  from  a  QDL  to  a  DL  takes  place  when  this 
minimum  becomes  subsonic:  the  quasineutral  plasma  cannot 
manage  the  crossing  of  a  new  sonic  point  and  a  discontinuity 
develops. 


III.  FORMULATION  OF  THE  2D,  2ET  PLASMA  MODEL 

The  model  described  in  this  section  extends  the  2D,  1ET 
plasma  model  of  Ref.  29  to  include  different  electron  spe¬ 
cies.  As  such,  only  the  indispensable  and  distinctive  aspects 
of  the  extended  model  will  be  summarized  below.  The  nota¬ 
tion  followed  here  is  based  on  our  previous  works.29,31 

A  collisionless,  low-/?,  cylindrical  plasma  of  radius  R  is 
injected  sonic/supersonically  at  the  throat  of  a  divergent,  axi- 
symmetric  magnetic  field  B.  The  plasma  is  constituted  of 
low-energy  (“cold,”  c)  and  high-energy  (“hot,”  h)  electrons, 
and  singly  charged  ions  (/),  with  negligible  temperature 
compared  to  “cold”  electrons.  The  quasineutrality  condition 
yii  —  nh  +  nc  =  n  is  satisfied.  Motion  is  described  using  the 


cylindrical  frame  of  reference  {lz,  ln  1^}  complemented 
with  magnetic  unit- vectors  ly  =  B/B  and  lj_  =  1q  x  ly.  We 
work  in  the  zero  Larmor  radius  limit  of  electrons,35  £j 
=  ^jTj}mej (eB)  <C  R  (for  j  =  c,  /z);  as  a  consequence,  elec¬ 
tron  and  magnetic  streamtubes  coincide  (u±j  =  0  for 
j  =  c,h).  Ions,  however,  are  only  partially  magnetized  and, 
since  ion  temperature  is  neglected,  the  relevant  ion  Larmor 
radius  ii  is  the  one  based  on  the  ion  longitudinal  velocity, 
Ui  =  Uj  —  UQilo,  i.e.,  ii  —  Uiini/(eB). 

The  steady-state  fluid  equations  for  ions  are29 
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where  </>  is  the  ambipolar  potential,  \j/  and  i j/t  are  the  mag¬ 
netic  and  ion  streamfunctions  and  D/(i/q)  a  known  function 
of  flow  conditions  at  the  throat.  Besides  the  conservation  of 
the  canonical  azimuthal  momentum,  Eq.  (4),  energy  Ht  is 
conserved  on  each  ion  streamtube, 

m{u2i  +  u%)/2  +  e<j)  =  Hi{  xj/f).  (5) 


To  close  these  ion  equations,  the  electron  model  must 
provide  a  relation  between  n  and  </>.  As  in  Refs.  7  and  29,  an 
isothermal  fluid  model  is  assumed  for  each  electron  species. 
Then,  the  required  (j)-n  relation  is  simply  the  Boltzmann 
relation  along  each  magnetic  streamtube, 

Tj  ln  nj  —  e<t>  =  //,((/>),  j  =  c,  h,  (6) 


where  functions  Hj  are  known  from  flow  conditions  at  the 
throat.  The  differentiation  of  Eq.  (6)  yields: 


,  ;nc  nh\  ( nc  dHc  nhdHh. 


O) 


where  the  terms  in  the  last  parenthesis  are  related  to  the  mag¬ 
netic  force  of  electron  azimuthal  current  densities, 


dHj  .  , 

JOj  =  —erijUQj  =  J  =  h • 


(8) 


For  a  supersonic  ion  flow,  the  substitution  of  Eq.  (7)  in 
Eqs.  (2)  and  (3)  results  in  a  set  of  three  hyperbolic  equations, 
which  can  be  solved  with  a  forward-marching  method  of 
characteristics  (MoC). 29,36  The  plasma  sound  speed  cs  of  the 
ion  flow  is  given  by  the  relation4 


n 

niic] 


(9) 


and  the  effective  Mach  number  is  M  =  Ui/cs.  At  this  point,  it 
is  convenient  to  define  the  hot-to-cold  temperature  ratio, 
t  =  Th/Tc,  and  the  local  hot-electron  density  ratio, 
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a  (z,r)  =nh(z,r)/n(z,r).  (10) 

There  are  three  families  of  characteristic  lines  in  the  longitu¬ 
dinal  plane,  namely:  the  ion  streamlines  (i.e.,  the  longitudinal 
section  of  ion  streamtubes)  and  the  upward-  and  downward¬ 
marching  Mach  lines,  which  form  angles  ±sin-1(l/M)  with 
respect  to  the  former. 

The  MoC,  implemented  in  our  DIMAGNO  code,  allows 
for  a  favorable  integration  scheme  in  terms  of  accuracy  and 
computational  cost.  However,  our  approach  does  not  allow 
the  simulation  through  true  DLs,  associated  to  an  additional 
sonic  surface  downstream  of  the  throat  where  hyperbolicity 
(and  quasineutrality)  fails.31  As  a  consequence,  our  analysis 
of  enhanced  steepening  in  2ET  plasmas  is  limited  to  the 
QDL  regime  where  the  minimum  ion  Mach  number,  M,  in 
the  divergent  nozzle  is  still  supersonic.  This  restriction  is  not 
critical  for  present  purposes  since,  despite  the  formal  differ¬ 
ences  related  to  the  zero  Debye-length  limit,  QDL  and  DL 
structures  represent  the  same  physical  phenomenon  with  a 
different  degree  of  intensity.  Nonetheless,  one  observation  is 
necessary.  While  a  DL  is  a  sharp  discontinuity  in  the  quasi¬ 
neutral  scale  and  its  location  is  perfectly  defined,  the  location 
of  the  QDL  is  partially  arbitrary.  In  the  present  2D  model, 
the  location  of  the  QDL  is  defined  as  the  surface  formed  by 
the  minima  of  M  along  each  magnetic  line,  which  is  almost 
coincident  with  the  surface  of  maxima  of  E. 

Notice  that,  as  expressed  by  Eq.  (6),  the  ID  model  de¬ 
pendency  of  electron  dynamics  on  0  is  still  essentially  valid 
for  the  2D  model,  but  limited  to  each  magnetic  line  sepa¬ 
rately.  Clearly,  in  the  2D  model,  0  =  0(z,  r)  results  from  the 
hyperbolic  plasma  response,  and  also  M  =  M(0,  0,  00. 
Since  the  potential  and  the  Mach  number  depend  on  the 
whole  plasma  flow,  the  formation  of  the  QDL  in  the  mag¬ 
netic  nozzle  is  a  fully  2D  effect. 

Plasma  conditions  at  the  throat  (i.e.,  at  z  =  0  and 
0  <  r  <  R)  are 

Uc  =  uh=  Ui  =  M0cs(  0,  r)  lz,  4>  =  0, 

n  =  no  exp (—ar2/R2),  a(0,  r)  known, 

where  subindex  0  denotes  values  at  the  origin  (z  =  r  =  0), 
and  a(0,  r)  refers  to  the  radial  distribution  of  hot  electrons, 
Eq.  (10).  We  shall  take  M0  =  1.01  to  comply  with  hyperbol¬ 
icity  of  the  ion  equations,  and  a  —  3  In  10  [so  that 
n(0,R)/no  =  10-3].  Lor  sake  of  illustration,  we  will  use  the 
divergent  magnetic  nozzle  created  by  a  single  loop  of  radius 
Rl  placed  at  z  =  0.  The  rest  of  the  parameters  of  the  model 
are:  (1)  the  constant  hot-to-cold  electron  temperature  ratio 
t  =  Th/Tc\  (2)  the  nozzle  divergence  rate,  measured  by 
R/Rl  or  more  precisely  by  /?//?„  (0,/?);  and  (3)  the  magnetic 
strength  at  the  throat,  measured  by  the  dimensionless  gyro- 
frequency  at  the  throat,  Q/o  =  eB$R/ y/m{Tc. 

Several  observations  on  Eq.  (11)  are  due.  Lirst,  note  that 
the  assumption  of  current-free  flow  is  not  essential  for  our 
model.  As  such,  we  expect  it  to  be  applicable  to  plasmas 
with  a  net  current  smaller  than  the  electron  thermal  current, 
so  that  most  cold  electrons  are  effectively  confined.  Second, 
0(0,  r)  =  0  means  that  each  electron  species  is  in  a  0-pinch 
equilibrium  at  the  throat,  with  the  radial  pressure  gradient 


balanced  by  the  magnetic  force  due  to  azimuthal  currents, 
which  are  essential  for  the  electromagnetic  thrust.29  And 
third,  it  must  be  acknowledged  that,  since  a  theory  on  the 
hot-electron  velocity  distribution  function  has  not  yet  been 
established,  any  modeling  of  that  distribution  is  highly  spec¬ 
ulative.  In  the  present  case,  this  affects  the  thermodynamic 
models  for  cold  and  hot  electrons  as  well  as  the  relative  hot- 
electron  radial  distribution  a(0,  r).  Our  choice  for  two  super¬ 
imposed  Maxwellian,  isothermal  populations  is  based  (in  the 
absence  of  a  better  criterion)  on  simplicity  and  on  the  fact 
that  Bezzerides  et  al4  and  others37,38  showed  explicitly  that 
the  enhancement  of  the  steepening  and  the  DL  formation  do 
not  depend  particularly  on  the  thermodynamic  equation  of 
state  but  on  the  disparities  of  energies  between  cold  and  hot 
electrons.  With  respect  to  the  distribution  of  a(0,  r),  the  sim¬ 
plest  choice  corresponds  to  identical  radial  profiles  of  hot 
and  cold  electron  densities  at  the  throat,  i.e.  a(0,  r)  =  const, 
which  besides  has  the  advantage  of  allowing  direct  compari¬ 
son  with  the  ID  2ET-CLDL  model.  On  the  contrary,  the  gen¬ 
eral  case  of  different  radial  profiles  for  cold  and  hot  electrons 
at  the  throat,  a(0,  r)  ^  const,  is  genuinely  2D.  Experimental¬ 
ists  have  detected  (or  inferred)  the  two  extreme  cases:  hot 
electrons  forming  preferentially  either  near  the  edge11,39,40 
or  around  the  center3,18  of  the  plasma  beam.  Both  possibil¬ 
ities  are  explored  here. 

IV.  LOCATION  AND  CURVATURE  OF  THE  2D  QDL 

The  discussion  of  QDLs  herein  is  illustrated  with  several 
simulation  cases,  which  are  described  in  Table  I:  Simulation 
TO  illustrates  the  expansion  of  a  1ET  plasma,  with 
a(0,  r)  =  0;  T4  and  T8  take  a(0,  r)  =  0.04  and  0.08,  respec¬ 
tively.  In  particular,  simulation  T4,  with  4%  of  hot  electron 
relative  density  at  the  throat  and  nearly  unmagnetized  ions, 
constitutes  the  reference  simulation  against  which  the  rest  of 
2ET  plasma  cases  are  compared.  In  simulation  S,  the 
strength  of  the  magnetic  field  is  1000  times  larger  than  in  T4, 
thus  ions  are  highly  magnetized  at  the  throat,  with  tijR 
—  0.02  there.  In  simulation  D,  the  nozzle  divergence  rate  is 

TABLE  I.  Summary  of  the  different  parameters  used  for  each  simulation. 
Simulation  TO  describes  a  simple  1ET  plasma  (i.e.,  single  temperature  elec¬ 
trons).  Simulation  T4  is  our  reference  2ET  plasma.  All  other  simulations 
deviate  from  it  in  the  value  of  one  of  the  parameters  (highlighted  in  bold¬ 
face):  simulation  T8  has  a  higher  fraction  of  hot  electrons,  simulation  S  has 
stronger  magnetic  held,  and  simulation  D  has  a  more  divergent  nozzle 
(roughly  half  the  curvature  radius).  Simulations  T4,  T8,  S,  and  D  all  have 
a(0,  r)  =  const.  In  simulations  P  and  C,  the  function  changes  according  to 
g±{r )  oc  [2  ±  cos(nr/R)\,  while  keeping  an  average  value  of  0.04,  as  in  T4; 
simulations  P  and  C  concentrate  hot  electrons  in  the  periphery  and  the  beam 
axis  respectively.  All  simulations  have  i  =  18  andM  =  1.01. 


Simulation 

a(0,  r ) 

&i0 

Rl/R 

TO  (simple  1ET  plasma) 

0 

0.05 

3.5 

T4 

4% 

0.05 

3.5 

T8 

8% 

0.05 

3.5 

S  (strength) 

4% 

50 

3.5 

D  (divergence) 

4% 

0.05 

2.5 

P  (periphery) 

g~(r) 

0.05 

3.5 

C  (center) 

g+(r) 

0.05 

3.5 
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roughly  twice  that  of  T4.  Finally,  in  simulations  P  and  C,  hot 
electrons  concentrate  at  the  periphery  and  the  center  of  the 
beam,  respectively,  while  having  the  same  integral  fraction 
at  z  =  0  as  simulation  T4,  i.e., 


a0 


rrihdr  /  rndr  =  0.04. 
o  /Jo 


(12) 


(Notice  that  ao  should  not  be  confused  with  ao  in  Refs.  7  and 
31,  where  subindex  0  referred  to  the  stagnation  conditions  of 
the  flow  far  upstream  of  the  nozzle  throat,  a  region  not 
treated  here). 

According  to  the  ID  model,  the  hot-to-cold  temperature 
ratio  t  defines  the  intensity  of  the  steepening  and  the 
critical  value  of  ao  for  DL  formation.7  In  the  present  simula¬ 
tions,  it  has  been  fixed  at  t  =  18.  For  this  value  of  t,  the  ID 
model  predicts  that  the  parametric  transition  from 
solutions  with  a  QDL  to  those  with  a  DL  takes  place  at 
ao  —  10%. 


A.  Influence  of  the  hot-electron  fraction 

Figure  1  shows  plasma  properties  for  simulations  TO, 
T4,  and  T8.  Color  maps  represent  the  electric  field  strength; 
equipotential  surfaces  and  electric  field  lines  are  also  shown. 
The  2ET  plasmas  of  T4  and  T8  exhibit  the  formation  of  a 
steady- state  QDL  (displayed  as  a  thick  dashed  line).  The 
plots  above  the  2D  maps  of  Fig.  1  present  the  evolution  of 
the  electric  potential  </>,  electric  field  E  =  —  V</>,  and  ion 
Mach  number  M  along  the  axis  (i.e.,  for  r  =  0). 

In  agreement  with  the  experiments  of  Hairapetian- 
Stenzel3  and  the  ID  model,  as  a(0,r)  increases:  (1)  the 


position  of  the  QDL  surface  shifts  towards  the  throat,  (2)  the 
local  maximum  of  the  electric  field  increases,  and  (3)  the 
local  minimum  of  the  supersonic  Mach  number  becomes 
closer  to  1.  The  novel  2D  feature  is  the  curvature  of  the 
QDL,  which  agrees  qualitatively  with  the  convex  U-shaped 
steepenings  detected  experimentally.11,16  In  fact,  the  QDL 
convexity  mimics  that  of  the  nearby  equipotential  surfaces, 
i.e.,  the  QDL  surface  is  almost  an  equipotential  one.  This 
property  is  only  satisfied  when  a(0,  r),  </>(0,r),  and  ///(0,r) 
are  constant  at  the  throat  and  uet  w*.  In  this  case,  </>  = 
const  surfaces  are  constant  surfaces  for  a(z,  r)  and  M(z,  r) 
too,  and  consequently,  the  QDL  matches  them  as  well. 
Notice  that  the  curvature  of  the  QDL  is  similar  in  simula¬ 
tions  T4  and  T8. 

In  addition,  the  shape  of  the  initial  plasma  density  pro¬ 
file  given  by  Eq.  (11)  is  propagated  along  equipotential 
surfaces,  so  that  plasma  density  is  the  magnitude  changing 
most  along  the  QDL  surface  [indeed  decreasing  three  orders 
of  magnitude  from  the  center  to  the  edge  for  the  initial  condi¬ 
tions  used  here,  Eq.  (11)].  Figure  2  presents  the  evolution  of 
plasma  density  in  the  magnetic  nozzle  and  shows  that  a 
decrease  in  density  takes  place  across  the  QDL  in  simula¬ 
tions  T4  and  T8.  The  strong  difference  between  </>  =  const 
and  n  =  const  surfaces  in  these  simulations  is  also  found 
experimentally  (cf.  Figs.  8(a)  and  9  of  Ref.  10).  The  pressure 
gradient  in  the  1^  direction,  linked  to  the  density  profile,  is 
balanced  by  the  magnetic  force  on  the  azimuthal  electron 
current  and  the  electric  force,  Eq.  (8). 

Figure  3  displays  the  local  angle  EB  formed  between  E 
and  B.  The  ambipolar  electric  field,  self-adjusted  by  the 
plasma,  guarantees  quasineutrality  in  the  whole  plasma  do¬ 
main,  by  taking  the  correct  magnitude  and  direction  to  steer 


TO 


T4 


T  8 


z/R  z/R  z/R 

FIG.  1.  Map  of  the  intensity  of  the  non-dimensional  electric  held  E  =  eER/Tc  for  simulations  TO,  T4,  and  T8.  Contours  show  isopotentials  of  (j)  —  ecf)/Tc,  and 
E  streamlines  (orthogonal  to  the  former).  The  separation  between  each  two  successive  </>  -lines  is  A  </>  =  2.  Thin  dashed  lines  show  the  direction  of  the  magnetic 
held.  Thick  dashed  lines  represent  the  QDL  location  in  simulations  T4  and  T8.  The  evolution  of  </>,  L,  and  M  along  the  axis  (r  =  0)  is  depicted  in  the  panels  on 
top  for  each  simulation. 
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TO  T4  T8 


FIG.  2.  Maps  of  n/rio  in  simulations  TO,  T4,  and  T8.  Thick  dashed  lines  represent  the  QDL  location.  Density  decreases  one  order  of  magnitude  between  each 
two  consecutive  lines. 


FIG.  3.  Detail  of  the  local  EB  angle  in  the  nozzle  (in  deg)  for  different  simulations.  Dashed  lines  represent  the  QDL  location. 


the  ion  trajectories  as  required.  In  the  1ET  plasma  of  simula¬ 
tion  TO,  equipotential  surfaces  are  curved  as  a  consequence 
of  nozzle  divergence  and  the  need  of  a  perpendicular  electric 
field  to  radially  expand  the  ions.  This  perpendicular  field — 
and  EB  —  increases  from  the  axis  towards  the  beam  edge, 
where  the  highest  ion  deflection  is  demanded.  Cases  T4  and 
T8  of  Fig.  3  show  that  the  formation  of  a  QDL  implies  a 
strong  change  of  the  electric  field  direction  around  and 
downstream  of  the  QDL.  The  electric  field  becomes  almost 
parallel  with  the  magnetic  field  at  and  after  the  QDL,  but  still 
imparts  a  large  radial  acceleration  to  ions  as  a  consequence 
of  the  curvature  of  the  layer.  The  small  negative  values  of 
EB  that  can  occur  downstream  of  the  QDL  suggest  that  ions 
can  leave  the  layer  with  an  excess  of  outwards  velocity  that 
the  ambipolar  electric  field  needs  to  accommodate 
downstream. 


B.  Influence  of  magnetic  strength  and  divergence 

For  nearly  unmagnetized  ions,  as  in  simulations  TO  or  T4, 
the  perpendicular  electric  field  satisfies  E±  niiU^ /  (eRf),  with 
Ri  the  meridian  curvature  radius  of  the  ion  streamtube.  For 
higher  magnetization  cases,  i.e.,  Q/o  ^  1,  E±  is  lower  since 
part  of  this  ion  deflection  task  is  taken  by  the  magnetic  force  on 
ions,  joiB.  Therefore,  assuming  Ri  —  Rn  >  0(R)  as  general 
estimates,  we  have  E±  <  0(M^Te/ (eR)).  The  effect  of 
increasing  B  is  illustrated  here  with  simulation  S  (Fig.  4).  The 
enhanced  magnetic  field  of  simulation  S  decreases  the  required 
E±  for  ion  expansion,  while  E\\  remains  basically  unaffected 
(cf.  simulation  T4  in  Fig.  1).  Consequently,  the  EB  angle  is 
notably  decreased  with  respect  to  T4  (as  can  be  observed 
in  Fig.  3)  and  the  equipotential  surfaces  become  almost  perpen¬ 
dicular  to  B.  Since  the  QDL  closely  matches  the  local 


FIG.  4.  Electric  field  and  QDL  position 
(thick  line)  of  simulations  S  and  D  (for 
small  and  large  nozzle  divergence).  The 
horizontal  and  vertical  scales  of  both 
figures  are  the  same,  in  ratio  1:1.  The 
description  of  lines  is  as  in  Fig.  1. 
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s/sv 

FIG.  5.  Angle  LB  (in  deg)  formed  by  the  QDL  surface  normal  and  the  mag¬ 
netic  field,  in  simulations  T4,  S,  D,  P,  and  C.  s/sy  is  the  normalized  arc 
length  along  the  meridional  projection  of  the  QDL,  running  from  the  axis  to 
the  plasma  border  V. 

equipotential  surfaces  when  a(0,  r)  =  const,  the  curvature  of 
the  resulting  QDL  is  lower  in  simulation  S.  This  is  in  agreement 
with  the  observed  tendency  in  the  experiments  of  Hairapetian 
et  al:  for  increasing  values  of  B.  This  effect  is  more  apparent 
in  Fig.  5,  where  the  angle  LB  between  the  QDL  surface  normal 
and  the  local  magnetic  field  of  the  different  simulations  has 
been  plotted.  From  these  results,  it  is  easy  to  infer  that  the  par¬ 
tial  ion  magnetization  case  will  be  contained  within  the  no¬ 
magnetization  limit  (which  is  practically  T4)  and  the  full- 
magnetization  one  (where  LB  ~  0  as  E±  — ►  0  and  V</>  ||  B). 
[This  will  not  be  necessarily  true  for  the  more  intricate  cases 
with  a(0,  r)  ^  const  described  in  Sec.  IV  C.] 

The  divergence  rate  of  the  magnetic  field  can  have  simi¬ 
lar  effects  on  the  curvature  of  the  QDL.  By  roughly  halving 
the  value  of  Rn  in  simulation  D  (more  diverging  nozzle),  a 
larger  E±  is  generated  in  the  plasma  beam,  which  results  in 
more  curved  equipotentials  and  hence  a  more  curved  QDL, 
as  can  be  appreciated  in  Fig.  4,  and  also  in  a  larger  LB  angle 
(Fig.  5). 

In  conclusion,  the  strength  and  curvature  of  the  mag¬ 
netic  field  can  alter  the  convexity  of  the  QDL,  as  the  neces¬ 
sary  E±  for  the  ion  expansion  changes,  but  it  must  be 
emphasized  that  they  have  no  direct  influence  on  the  forma¬ 
tion  of  the  QDL  itself  nor  the  magnitude  of  the  potential 
jump  across  it,  which  depend  only  on  the  distribution  of  hot 
and  cold  electrons. 

To  this  respect,  Singh1  suggests  that  when  B  is  increased 
the  “full  development  of  the  ion  cyclotron  motion”  can  have 
a  relevant  role  in  the  curvature  of  the  plasma  column  and,  in 
particular,  in  the  sign  of  E±  (changing  from  E±  >  0  to  E±  <  0 


as  ions  gyrate  outwards).  This  phenomenon  is  not  found  in 
our  model,  where  the  supersonic  ions,  advancing  in  a  diverg¬ 
ing  magnetic  field,  do  not  establish  any  distinguishable  cyclo¬ 
tron  motion  in  the  range  of  magnetizations  studied,  and  in 
any  case,  their  tendency  is  to  separate  inwards  from  the  mag¬ 
netic  tubes  due  to  inertia.29  Moreover,  since  the  ion  Larmor 
radius  is  ti  oc  1/Z?,  any  effect  proportional  to  ti  should  dimin¬ 
ish  when  increasing  B. 

Also,  it  has  been  claimed  that  an  “abruptly  divergent” 
magnetic  field  is  relevant  for  DL  formation,1  even  in  the 
case  of  a  simple  1ET  plasma.41  In  the  frame  of  our  model,  an 
“abrupt”  nozzle  would  correspond  to  a  magnetic  curvature 
radius  Rn  satisfying  Xu  Rn  R,  which  would  lead  to 
Te/(eXu)  E±^>  Te/(eR).  Two  observations  are  pertinent 
here.  First,  as  commented  in  Sec.  II,  in  the  absence  of  other 
mechanisms,  there  is  no  DL  formation  in  1ET  plasmas,5,32 
just  a  natural  steepening  of  characteristic  length  Rn.  Second, 
abrupt  divergence  seems  highly  undesirable  for  the  main 
purpose  of  a  magnetic  nozzle,  that  is,  to  efficiently  channel 
and  expand  the  plasma  beam  emitted  by  the  plasma  source, 
with  minimal  plume  divergence. 

C.  Influence  of  the  hot  electron  injection  zone 

In  a  real  device,  the  radial  profiles  of  low-  and  high- 
energy  electrons  at  the  source  exit  (or  the  nozzle  throat)  are 
likely  not  the  same,  and  will  depend  on  the  particularities  of 
the  plasma  source.  The  effects  and  main  tendencies  to  be 
expected  when  a(0,  r)  ^  const  are  explored  here  with  simu¬ 
lations  P  and  C.  In  both  of  them  and  to  facilitate  comparison, 
the  radially  averaged  value  of  a(0,  r)  is  chosen  to  coincide 
with  simulation  T4  (ao  =  4%)  but  a  sinusoidal  radial  de¬ 
pendence  has  been  added.  Specifically,  we  take 

a(0,r)  oc  [2  ±  cos(7cr//?)],  (13) 

with  +  sign  for  C  and  lower  —  sign  for  P.  Thus,  the  sequence 
of  simulations  P  — ►  T4  — >  C  corresponds  to  progressively 
displacing  the  hot  electron  injection  from  the  periphery  to 
the  center  of  the  beam. 

Notice  that,  for  a(0,  r)  ^  const,  the  sound  speed,  Eq. 
(9),  varies  radially  at  the  throat.  In  order  to  maintain  superso- 
nicity  and  lacking  a  detailed  description  of  the  velocity  pro¬ 
file  at  the  throat,  we  have  opted  here  to  keep 
M(0,r)  =  1.01  =  const,  thus  letting  wz/(0,r)  ^  const  in  Eq. 
(11).  The  electron  response  in  the  simulations  shown  here  is 


FIG.  6.  Detail  of  the  QDL  shape  of  sim¬ 
ulations  P,  T4,  and  C.  The  background 
color  shows  the  intensity  of  the  non- 
dimensional  electric  field  E  —  eER/Tc. 
The  description  of  lines  is  analogous  as 
that  of  Fig.  1 . 
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FIG.  7.  Effect  of  the  QDL  (thick  dashed 
line)  on  the  ion  streamtubes  (solid)  in 
simulations  P  and  C.  The  corresponding 
magnetic  lines  are  plotted  for  reference 
(dashed). 


the  particularization  to  each  magnetic  streamtube  of  the  elec¬ 
tron  behavior  in  the  ID  model,  i.e.,  the  functions  «c(</>,  i/f), 
nh(4>,  i/s),  and  cs(4>,\l/)  on  each  magnetic  tube  i//  are  univo- 
cally  defined  given  the  hot-electron  fraction  of  that  tube  at 
the  throat.  Notice  that  now  M  is  fully  dependent  on  (z,  r)  and 
not  a  function  of  </>  as  before,  therefore  the  QDL  does  not 
coincide  with  any  equipotential  surface. 

A  detailed  map  of  the  electric  potential  around  the  QDL 
of  simulations  P,  T4,  and  C  is  plotted  on  Fig.  6.  On  each 
magnetic  tube,  higher  hot-electron  fractions  at  injection 
cause  the  QDL  to  take  place  earlier  in  the  expansion,  as  in 
the  ID  model.  Hence,  when  the  injection  of  hot  electrons 
moves  from  the  periphery  towards  the  center,  the  curvature 
of  the  QDL  decreases.  Interestingly,  the  QDL  surface  is 
nearly  planar  in  simulation  C,  and  it  actually  forms  a  nega¬ 
tive  LB  angle  with  the  local  B,  illustrated  in  Fig.  5,  revealing 
the  strong  influence  of  the  function  a(0,  r)  on  the  curvature 
of  the  layer.  It  can  also  be  observed  that  the  region  of  strong¬ 
est  E  takes  place  near  the  axis  for  simulation  P,  while  it  is 
located  at  the  periphery  in  simulation  C. 

It  was  already  commented  that  the  QDL  curvature 
affects  the  trajectory  of  ions,  modifying  their  direction  down¬ 
stream.  This  effect  is  clearly  more  pronounced  when 
a(0,  r)  7^  const.  Figure  7,  which  displays  selected  ion 
streamtubes  and  their  relative  position  with  respect  to  their 
reference  magnetic  streamtubes,  shows  a  remarkable  feature 
of  simulations  P  and  C:  the  more  planar  QDL  of  simulation 
C  causes  ion  streamtubes  to  deflect  inwards  around  the  layer, 
thus  reducing  their  divergence  angle.  On  the  contrary,  the 
strongly  curved  QDL  of  simulation  P  causes  ion  streamtubes 
to  diverge  faster  than  the  magnetic  field.  These  alterations 
extend  into  a  limited  region  downstream  of  the  QDL,  mean¬ 
ing  that  its  influence  is  of  local  character:  indeed,  after 
crossing  the  QDL  (and  because  ions  are  not  sufficiently 
magnetized  downstream),  the  divergence  of  ion  streamlines 


soon  decreases  and  eventually  becomes  lower  than  that  of 
the  local  magnetic  field  again,  resembling  that  of  a  1ET 
plasma  (see,  for  instance,  Fig.  1  of  Ref.  42). 

The  shape  and  position  of  the  steepening  can  have  a 
strong  influence  on  the  map  of  </>  downstream  of  the  QDL, 
where  the  extraordinary  deflection  of  the  ion  flow  by  the 
layer  needs  to  be  corrected  and  can  lead  to  E±  <  0  (i.e., 
EB  <  0),  as  illustrated  by  simulation  P  in  Fig.  6.  The  possi¬ 
bility  of  formation  of  potential  barriers  and/or  shock  waves 
(in  an  otherwise  shock-free  flow)  as  a  result  of  this  should  be 
considered.  At  any  rate,  it  is  clear  that  the  structures  gener¬ 
ated  by  general  2ET  plasmas  can  result  in  much  more  com¬ 
plex  electric  fields  and  plasma  flows. 

V.  EFFECT  OF  THE  QDL  ON  PROPULSIVE 
PERFORMANCES 

In  application  to  magnetic  nozzles  of  space  plasma 
thrusters,  it  is  interesting  to  discuss  the  effects  of  the  2D 
QDL  on  the  propulsive  figures  of  the  plasma  beam.  The 
main  purpose  of  a  magnetic  nozzle  stage  in  a  plasma  thruster 
is  to  increase  thrust,24 

F  =  y/2  Work,  (14) 

where  r\  is  the  thrust  efficiency,  Pa  the  applied  power,  and  m 
the  mass  flow  rate.  For  a  given  Pa  and  m,  the  efficiency  rj  lim¬ 
its  the  maximum  value  of  F  and  is  a  function  of  the  multiple, 
interconnected  phenomena  taking  place  in  the  thruster,  such 
as  plasma  ionization,  radiation,  plasma-wall  interaction,  and 
plume  expansion  and  divergence  in  the  magnetic  nozzle.  The 
nozzle  model  presented  here  does  not  allow  the  study  of  the 
total  thrust  efficiency  of  a  given  thruster,  which  requires  to 
match  it  with  the  model  of  the  plasma  source.4^  However,  it 
permits  to  assess  the  influence  of  the  plume  divergence  on  rj. 


z/R 


z/R 


FIG.  8.  Plume  efficiency  rjpiume(z)  (left) 
and  magnetic  thrust  fraction  Fm{z)/F{z) 
(right)  for  different  simulations.  The  ref¬ 
erence  1ET  plasma  of  simulation  TO  has 
been  plotted  as  a  thick  line.  The  graphs 
of  Fm{z)/F(z)  for  simulations  P  and  C 
are  almost  indistinguishable  from  that  of 
simulation  T4,  and  have  not  been 
plotted. 
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This  can  be  quantified  with  the  plume  efficiency  function, 
V plume  (z)>  defined  in  Ref.  29  as  the  ratio  of  ion  axial-to-total 
energy  fluxes  at  z  =  const  sections,  i.e., 

%lume(Z)  =  Piz(z)/Pi(z).  (15) 

The  plume  efficiency  is  an  intrinsically  2D  effect,  non  recov¬ 
erable  by  ID  models.  This  factor  is  of  utmost  importance  not 
only  for  its  contribution  to  rj  but  also  since  it  can  ultimately 
characterizes  the  plume  divergence  angle  and  the  plasma 
detachment  losses.44  Figure  8  (left)  compares  the  plume  effi¬ 
ciency  function  of  the  different  2ET  plasmas  of  Table  I.  The 
visible  non-monotonicity  of  the  curves  for  2ET  plasmas  is 
due  to  the  fact  that  r]plume(z)  is  being  evaluated  on  z  =  const 
sections,  while  the  QDL  is  a  curved  surface.  This  causes  the 
peripheral  part  of  the  QDL  to  affect  the  plasma  first  (i.e.,  at 
lower  values  of  z).  In  the  beam  periphery,  a  large  radial 
acceleration  is  exerted  on  ions,  which  explains  the  local  drop 
of  ripiume(z).  When  the  central  part  of  the  QDL  is  crossed,  the 
strong  axial  acceleration  imparted  to  the  ions  in  this  region 
raises  vjpiume{z)  again.  Therefore,  comparison  with  1ET  plas¬ 
mas  makes  full  sense  only  far  downstream  of  the  QDL. 

Interestingly,  in  simulation  C,  where  most  of  the  hot 
electrons  are  located  about  the  magnetic  nozzle  axis  and  the 
QDL  is  more  planar,  a  local  increase  of  rjpiume  (z)  is  observed, 
which  is  due  to  the  larger  axial  acceleration  imparted  by  the 
QDL  in  this  case.  On  the  other  hand,  simulation  P,  with  pe¬ 
ripheral  hot  electrons  and  a  more  curved  QDL,  shows  the 
largest  local  decrease  of  rjpiume{z).  This  particular  local 
behavior  of  simulations  C  and  P  can  be  explained  by  the 
deflection  of  ion  streamtubes  that  was  depicted  in  Pig.  7.  All 
simulations  except  C  show  a  slightly  worse  efficiency  than 
TO  after  the  QDL.  In  spite  of  the  pronounced  local  extrema 
in  rjpiume(z )  caused  by  the  presence  of  the  QDL,  simulations 
of  2ET  plasmas  deviate  from  the  reference  TO  only  in  the  vi¬ 
cinity  of  the  layer.  Downstream  of  the  steepening,  most  of 
the  plume  efficiency  of  the  1ET  plasma  is  recovered,  indicat¬ 
ing  that  the  divergence  of  ion  streamlines  gradually  returns 
back  to  that  of  TO,  and  further  downstream  the  effect  of  the 
QDL  on  v]piume(z)  becomes  marginal.  This  suggests  that  the 
presence  of  a  QDL  has  little  incidence  on  the  final  plume 
efficiency. 

In  regard  to  these  results,  it  is  important  to  acknowledge 
that  some  of  the  simplifications  of  the  current  model  might 
be  responsible  of  an  overly  optimistic  downstream  value  of 
Vpiumei2)-  In  particular,  a  more  realistic  description  of  the 
electron  velocity  distribution  function  could  modify  the  evo¬ 
lution  of  the  hot  population  downstream  of  the  QDL,  possi¬ 
bly  reducing  the  depicted  recovery  of  rjplume  (z) . 

The  main  parameter  characterizing  the  usefulness  of  the 
magnetic  nozzle  stage  in  a  plasma  thruster  is  its  contribution 
to  the  total  thrust  of  the  device.  In  an  electromagnetic  plasma 
thruster,  there  are  two  contributions  to  thrust:  the  pressure 
thrust ,  Fp,  due  to  the  plasma  axial  pressure  on  the  source 
walls,  and  the  magnetic  thrust ,  Fm,  caused  by  the  magnetic 
axial  force  that  plasma  electric  currents  (mainly  in  the  nozzle 
stage)  induce  on  the  thruster  magnetic  circuit.29  The  pressure 
thrust  can  be  assimilated  to  the  plasma  momentum  flow  at 
the  nozzle  throat  (z  =  0), 


Fp  =  In 


rdr{nmiU2zi  +  Thnh  +  Tcnc), 


(16) 


whereas,  by  virtue  of  the  action-reaction  principle,  the  mag¬ 
netic  thrust  function  at  section  z  =  const,  Fm  (z) ,  is  defined  as 
the  integral  of  the  axial  magnetic  force  density  exerted  on 
the  plasma  in  the  nozzle  volume  V(z)  comprised  between  the 
throat,  the  beam-vacuum  edge,  and  z  =  const.  Lor  Bq  =  0, 
that  force  is 


Fm{z)  =  - 


jgB,-dV. 

V 


(17) 


Electrons  provide  the  main  contribution  to  jo  (Ref.  29).  A 
simple  estimate  shows  that  hot  electrons  have  higher  azi¬ 
muthal  velocity  than  cold  electrons,  but  the  respective  cur¬ 
rent  density,  Eq.  (8),  depends  on  the  density  of  each  species. 
As  such,  the  contribution  of  an  elemental  plasma  volume  to 
magnetic  thrust  depends  on  the  local  B ,  nh  and  nc. 

In  order  to  assess  the  magnetic  thrust,  the  function 
Kn0z{z )  =  Fm(z)/Fp  was  computed  in  Ref.  30  for  a  2D,  1ET 
plasma;  the  same  magnitude  was  discussed  in  Ref.  31  for  a 
ID,  2ET  plasma.  Defining  F(z)  =  Fp  +  Fm{z)  as  the  total 
thrust  function  along  the  nozzle,  Lig.  8  (right)  plots  the  axial 
evolution  of  the  relative  magnetic  contribution 

Fm(z)  _  Knoz (z)  ^  gs 

F(z)  “  1  +  Knoz{z)  ’  ^  ; 


which  is  found  to  be  a  better  self-explaining  magnitude  to 
understand  the  propulsive  performance  of  the  device,  since 
F(z)  is  governed  by  the  absorbed  power  and  mass  flow  rate 
as  expressed  by  Eq.  (14).  The  curves  of  Lig.  8  show  that  the 
presence  of  hot  electrons  can  substantially  increase  the  mag¬ 
netic  thrust  fraction.  Interestingly,  the  QDL  presence  and  its 
curvature  are  marginal  for  the  value  of  Fm(z)/F(z),  which  is 
only  dependent  on  t  and  ao.  Contrary  to  the  behavior  of 
h plume (z) ,  no  local  change  of  Fm(z)/F(z)  is  observed  across 
the  QDL  in  Lig.  8.  Moreover,  simulations  T4,  P,  and  C  are 
indistinguishable  from  each  other  as  they  have  the  same 
magnetic  nozzle  and  the  same  value  of  ao-  This  serves  as  a 
“two-dimensional”  refutation  that  the  thrust  mechanism 
associated  with  the  presence  of  a  DL  is  non-existent. 

When  the  upstream  hot-electron  fraction  is  small  (which 
is  the  case  of  highest  practical  interest),  plasma  dynamics 
upstream  from  the  QDL  are  dominated  by  (more  abundant) 
cold  electrons,  whereas  downstream  from  the  QDL,  hot  elec¬ 
trons  dominate  the  expansion.  This  means  that  pressure 
thrust  is  settled  mainly  by  the  cold  electron  population,  while 
the  magnetic  thrust  function  tends  to  be  dominated  by  cold 
and  hot  electrons  upstream  and  downstream  of  the  QDL, 
respectively.  As  ao  increases,  the  QDL  moves  upstream  and 
the  hot  electron  contributions  to  Fm  and  Fp  increase.  As  a 
result,  there  is  a  value  of  ao  that  maximizes  the  downstream 
value  of  the  fraction  Fm/F,  as  can  be  inferred  from  Lig.  8. 

An  important  remark,  pointed  out  by  Ahedo31  and  worth 
emphasizing  here  again,  is  that  the  increase  of  the  magnetic 
thrust  fraction  (in  2ET  plasmas  with  QDLs)  cannot  be  inter¬ 
preted  neither  as  a  net  increment  of  thrust  nor  as  an 
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enhancement  of  thruster  performance.  Equation  (14)  shows 
very  clearly  that  F  oc  yfPam,  and  the  only  magnitude  that 
can  actually  improve  the  thruster  operation  is  the  thrust  effi¬ 
ciency  rj.  Here,  we  have  found  that  rjplume  (one  of  the  partial 
efficiencies  determining  rj)  is  not  affected  substantially  by  a 
2ET  plasma  and  its  associated  QDL.  On  the  contrary,  rj  jume 
depends  on  the  magnetic  field  intensity  and  divergence.2 

VI.  CONCLUSIONS 

A  2D  model  of  the  expansion  of  a  two-electron-tempera- 
ture  (2ET)  plasma  in  a  divergent  magnetic  field  has  allowed 
us  to  study  the  formation,  position,  and  2D  shape  of  a 
current- free  quasi  double  layer  (QDL).  The  characteristics  of 
these  structures  have  been  investigated  in  terms  of  (1)  the 
relative  fraction  of  hot  electrons,  (2)  their  radial  distribution 
when  injected  at  the  nozzle  throat,  and  (3)  the  geometry  and 
intensity  of  the  applied  magnetic  field.  Since  the  model 
developed  here  is  fully  quasineutral,  the  transition  from  the 
quasineutral  QDL  to  a  non-neutral  DL  cannot  be  completed, 
but  it  had  been  previously  shown  that  both  structures  are  the 
same  with  just  different  levels  of  non-neutrality. 

Axial  properties  of  2ET-QDLs  are  in  accordance  with 
those  already  analyzed  in  ID  models.  The  model  yields  the 
curved  2D  shape  of  the  QDL,  which  agrees  qualitatively 
with  related  experiments  on  2ET  plasmas.  The  QDL  curva¬ 
ture  is  found  to  be  mainly  the  consequence  of  two  features: 
first,  the  natural  curvature  of  the  electric  equipotential  lines 
in  a  divergent  magnetic  field,  already  known  for  1ET  plas¬ 
mas;  and  second,  the  radial  distribution  at  injection  of  the 
high-energy  electron  population.  The  curvature  of  the  QDL 
increases  the  higher  the  divergence  of  the  magnetic  nozzle, 
the  lower  the  magnetic  strength,  and  the  more  peripherally 
hot  electrons  are  injected.  The  DL  curvature  modifies  the 
ambipolar  electric  field  and  ion  trajectories  downstream, 
which  can  be  made  to  diverge  locally  faster  or  slower  than 
the  magnetic  field  depending  on  the  radial  acceleration 
imparted  by  the  large  electric  field  at  the  layer. 

Lor  propulsive  applications,  it  is  confirmed  that  a  2ET- 
QDL  has  a  zero  effect  on  thrust.  The  novel  result  is  that  the 
final  plume  divergence,  far  downstream  from  the  QDL,  is 
almost  unaffected  by  its  presence  and  shape.  Therefore,  no 
propulsive  role  of  the  current-free  double  layer  (CLDL)  has 
been  identified  yet.  To  this  respect,  the  only  interesting  fea¬ 
ture  we  have  found  (which  could  merit  further  consideration) 
is  that  the  magnetic -to-pressure  contribution  becomes  maxi¬ 
mum  for  a  certain  (small)  fraction  of  hot  electrons. 

As  stated  in  the  Introduction,  the  subject  of  the  present 
study  has  been  exclusively  the  formation  of  a  CLDL  in  the  2D 
expansion  of  a  fully  ionized,  collisionless,  2ET  plasma.  This 
2D  analysis  is  of  interest  for  the  interpretation  of  the  labora¬ 
tory  experiments  of  Hairapetian  and  Stenzel  and  presumably 
for  the  operation  of  a  helicon  plasma  thruster  in  space.  Exist¬ 
ing  research  on  the  polar  wind  suggests  that  the  structures 
developing  in  auroral  plasmas  can  resemble  the  2ET-CLDLs 
studied  here,6  although  multiple  DL  structures  may  form  at 
different  altitudes45,46  and  essential  differences  such  as  current 
across  the  layer  and  the  effect  of  the  gravitational  potential 
can  affect  the  upward  plasma  expansion  along  the  polar  mag¬ 


netic  cusp.  On  the  contrary  we  cannot  assure  that  the  central 
aspects  of  our  analysis  are  relevant  for  understanding  the 
more  complex  HPD-CLDL,  at  least  until  it  is  clarified  whether 
the  presence  of  two  distinguished  populations  of  positive  ions 
is  the  main  instrument  for  the  formation  of  such  DLs. 
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Helicon  thruster  plasma  modeling:  two-dimensional  fluiddynamics  and  propulsive 
performances 
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An  axisymmetric  macroscopic  model  of  the  magnetized  plasma  flow  inside  the 
helicon  thruster  chamber  is  derived,  assuming  that  the  power  absorbed  from  the 
helicon  antenna  emission  is  known.  Ionization,  confinement,  subsonic  flows,  and 
production  efficiency  are  discussed  in  terms  of  design  and  operation  parameters. 
Analytical  solutions  and  simple  scaling  laws  for  ideal  plasma  conditions  are  ob¬ 
tained.  The  chamber  model  is  then  matched  with  a  model  of  the  external  magnetic 
nozzle  in  order  to  characterize  the  whole  plasma  flow  and  assess  thruster  perfor¬ 
mances.  Thermal,  electric,  and  magnetic  contributions  to  thrust  are  evaluated. 
The  energy  balance  provides  the  power  conversion  between  ions  and  electrons  in 
chamber  and  nozzle,  and  the  power  distribution  among  beam  power,  ionization 
losses,  and  wall  losses.  Thruster  efficiency  is  assessed  and  main  causes  of  inef¬ 
ficiency  are  identified.  The  thermodynamic  behavior  of  the  collisionless  electron 
population  in  the  nozzle  is  acknowledged  to  be  poorly  known  and  crucial  for  a 
complete  plasma  expansion  and  good  thrust  efficiency. 
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I.  INTRODUCTION 


The  helicon  plasma  thruster(HPT)  is  an  innovative  technology  for  space  propulsion, 
which,  at  present,  is  being  researched  extensively1-7.  The  device  is  constituted  of  a  helicon 
source,  where  the  plasma  is  generated  and  heated,  and  an  external  divergent  magnetic 
nozzle,  where  the  plasma  is  accelerated.  The  physical  elements  of  a  HPT  are:  a  cylindrical 
dielectric  chamber;  a  gas  injection  system,  usually  at  the  back  of  the  chamber;  an  external 
antenna  wrapped  around  the  chamber  emitting  rf  waves,  typically  in  the  range  1-26  MHz, 
which  propagate  within  the  plasma;  and  a  set  of  magnetic  coils  (or  permanent  magnets) 
that  creates  a  longitudinal  magnetic  field,  typically  in  the  range  102  to  103  Gauss.  In  the 
‘conventional’  design,  the  magnetic  field  is  predominantly  axial  inside  the  chamber  and 
divergent  outside  it,  and  has  several  roles.  First,  it  makes  the  plasma  column  transparent 
to  the  propagation  of  the  rf  emission  as  helicon  waves.  Second,  the  magnetic  field  screens 
the  chamber  walls,  thus  reducing  greatly  plasma  losses  at  them8.  Third,  outside  the 
chamber,  the  divergent  magnetic  topology  creates  a  magnetic  nozzle  that  channels  the 
supersonic  plasma  flow,  transforming  the  plasma  internal  energy  into  axially-directed  one, 
in  a  process  very  similar  to  the  expansion  of  a  hot  gas  in  a  conventional  solid  nozzle9,10. 

The  typical  operation  range  of  helicon  sources  is11  u>ih  <C  uj  <C  u>ce  -C  u>pe,  with  ujih  the 
lower-hybrid  frequency,  uj  the  wave  frequency,  ujce  the  electron  cyclotron  frequency,  and 
ujpe  the  plasma  frequency.  Helicon  waves  pertain  to  the  branch  of  whistler  waves;  in  a  cold, 
unbounded  plasma,  no  other  waves  can  propagate  in  that  frequency  range12.  Although  a 
unique  theory  for  the  absorption  of  the  energy  of  helicon  waves  is  not  fully  established  yet, 
the  collisional  theory,  for  dense  enough  plasmas,  states  that  absorption  is  achieved  through 
the  mediation  of  Trivelpiece- Gould  surface  waves,  which  are  highly  dissipative11,13.  The 
advantage  of  helicon  sources  over  other  rf  sources  (such  as  inductively-coupled  ones)  is 
that,  adjusting  conveniently  the  magnetic  intensity  ( ujce  oc  B),  there  is  not  a  severe  cut-off 
of  plasma  density  for  wave  propagation,  and  values  of  1018  —  1020m-3  are  achievable14. 

Other  potential  advantages  of  the  HPT  for  space  propulsion  would  be:  the  lack  of 
electrodes,  thus  avoiding  erosion  limitations  and  promising  a  long  thruster  lifetime;  the 
capability  of  operating  with  a  wide  range  of  propellants1,15;  and  high  throttlability,  based 
on  the  capability  of  actuating,  at  constant  power,  on  both  the  gas  flow  and  the  magnetic 
nozzle16.  However,  existing  HPT  prototypes  are  still  far  from  achieving  propulsive  figures 
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capable  of  competing  with  other  mature  plasma  thrusters.  For  instance,  thrust  efficiency 
is  below  5%  in  the  few  cases  were  it  has  been  measured  directly17-19.  In  this  context,  the 
understanding  of  the  multiple  physical  processes  taking  place  in  the  HPT,  the  interplay 
among  them,  and  the  assessment  of  HPT  performances  are  much  needed. 

A  complete  model  of  the  HPT  must  deal  with  both  the  plasma-wave  interaction  and 
the  fluid-dynamics  of  the  plasma  discharge.  The  two  processes,  although  strongly  coupled, 
require  well  differentiated  models.  This  paper  deals  exclusively  with  the  fluid-dynamics 
problem  and  assumes  that  the  plasma  column  has  absorbed  a  known  amount  of  rf  energy 
in  the  form  of  electron  energy.  In  turn,  the  analysis  of  the  plasma  flow  distinguishes 
between  the  chamber/internal  and  the  nozzle/external  regions.  An  axisymmetric  model 
for  the  external  region  was  already  derived  in  Ref.  10  and  was  applied  to  discuss  the 
2D  supersonic  plasma  expansion,  the  development  of  electric  currents  in  the  plasma, 
and  the  magnetic  thrust  mechanism.  Posterior  work  on  the  nozzle  region  has  advanced 
on  the  plasma/nozzle  detachment  issue20-22  and  the  formation  of  double-layer  type  of 
structures23-25.  The  present  paper  has  two  main  goals:  first,  to  develop  an  axisymmetric 
model  of  plasma  fluid-dynamics  inside  the  chamber,  and  second,  to  match  it  to  the  nozzle 
model  in  order  to  evaluate  HPT  performances  in  terms  of  thrust,  useful  energy,  and  thrust 
efficiency. 

The  first  part  of  the  paper  derives  the  axisymmetric  model  of  the  chamber  and  an¬ 
alyzes  plasma  generation,  heating,  wall  interaction,  and  internal  flows.  The  model  is 
based  on  decoupling  partially  the  radial  and  axial  dynamics  through  an  approximate 
variable-separation  technique,  already  applied  successfully  to  the  plasma  discharge  in  a 
Hall  thruster26;  the  main  coupling  parameter  between  axial  and  radial  dynamics  is  the 
local  wall-recombination  frequency.  Fruchtman  et  al.27  were  the  first  to  apply  the  variable- 
separation  technique  to  the  2D  study  of  the  plasma  flow  inside  the  chamber  of  a  HPT. 
Our  chamber  model  recovers,  of  course,  part  of  theirs  but,  at  the  same  time,  completes  or 
modifies  the  following  central  aspects  of  theirs:  (a)  the  neutral  density  is  taken  constant 
[in  a  subsequent  paper,  Fruchtman28  discussed  neutral  depletion  within  a  ID  chamber 
model,  still  ignoring  plasma  recombination  at  the  chamber  wall],  (b)  radial  plasma  dy¬ 
namics  are  purely  diffusive;  (c)  ion  dynamics  are  dominated  by  collisionality;  and  (d)  a 
closed  energy  balance  within  the  chamber  is  attained  by  assuming  an  adiabatic  electron 
energy  flow  at  the  chamber  exit. 
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Thus,  central  to  our  model  will  be  to  include  the  2D  depletion  of  the  injected  gas  flow, 
which  is  governed  by  the  competition  between  plasma  volumetric-production  and  wall- 
recombination,  the  amount  of  this  last  one  depending  mainly  on  the  magnetic  screening 
of  the  walls.  Then,  the  radial  dynamics  will  show  the  formation  of  a  quasineutral  inertial 
region  between  the  bulk  diffusion  region  and  the  lateral  Debye  sheath,  with  effects  on 
the  lateral  deposition  of  energy.  With  respect  to  the  ion  dynamics  and  for  typical  helicon 
source  conditions,  ions  will  be  found  to  be  both  weakly  collisional  and  weakly  magnetized, 
and  their  free  motion  will  be  governed  by  the  2D  ambipolar  electric  field.  Finally,  it  will 
shown  that,  in  general,  the  energy  balance  on  the  magnetized  electron  population  requires 
to  take  into  account  both  the  internal  and  external  dynamics. 

Apart  from  deriving  the  chamber  model  and  computing  exact  solutions,  our  study  of 
the  chamber  region  offers  two  additional  contributions.  First,  asymptotic  regimes  of  the 
radial  and  axial  dynamics  are  presented.  These  are  highly  valuable,  since  they  provide 
both  the  clearest  insight  of  the  relevant  internal  physics  and  useful  scaling  laws  relating  the 
plasma  response  to  operational  and  design  parameters.  Second,  a  parametric  investigation 
is  carried  out,  aiming  at  determining  the  way  to  maximize  plasma  production  efficiency. 

The  second  part  of  the  paper  is  devoted  to  evaluate  thruster  performances.  This 
requires  first  to  match  the  2D  chamber  model  to  the  2D  magnetic-nozzle  model  of  Ref.  10. 
Both  models  have  been  developed  independently  and  involve  assumptions  and  techniques 
suitable  to  the  respective  plasma  conditions.  This  is  going  to  produce  a  small  mismatching 
of  the  internal  and  external  solutions  at  the  vicinity  of  the  mutual  interface  (i.e.  around 
the  chamber  exit)  with  marginal  effect  on  the  consistency  of  results  and  conclusions. 

Thruster  performances  will  be  analyzed  in  terms  of  both  thrust  (i.e.  plasma  momen¬ 
tum)  and  energy.  The  different  contributions  to  thrust  are  evaluated.  Partial  efficiencies 
will  be  defined  in  order  to  assess  the  relevance  of  the  different  physical  processes  (such  as 
ionization,  wall  losses,  plume  divergence,  etcetera)  on  the  thrust  efficiency.  The  electron 
energy  behavior  will  be  shown  to  be  central  for  the  plasma  behavior  in  the  nozzle  and  the 
thrust  efficiency. 

The  rest  of  the  paper  is  organized  as  follows.  Section  II  presents  the  2D  chamber 
model.  Section  III  discusses  the  plasma  response  inside  the  chamber.  Section  IV  matches 
the  chamber  and  nozzle  models  and  discusses  the  different  contributions  to  thrust.  Section 
V  presents  the  energy  balance  and  discusses  thrust  efficiency.  Section  VI  is  for  conclusions. 
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II.  FORMULATION  OF  THE  CHAMBER  MODEL 


Figure  1  sketches  the  HPT,  with  the  chamber  and  nozzle  regions  and  an  example  of 
magnetic  topology  created  by  a  Maxwell  3-coil  arrangement.  The  magnetic  held  is  near 
axial  inside  the  chamber  (to  the  left  of  the  third  coil),  and  divergent  at  the  nozzle.  The 
rectangle  symbolizes  the  elongated  cylindrical  chamber  of  radius  R  and  length  L.  Let  A, 
W,  and  E  be  the  chamber  back-wall,  lateral,  and  front-exit,  respectively.  The  magnetic 
held  inside  the  chamber  is  approximated  as  purely  axial  and  constant,  B  =  Blz. 

A  mass  how  m  of  neutral  gas  is  injected  at  the  cylinder  back- wall  (where  we  set 
za  =  —L)  and  is  ionized  by  impact  of  electrons.  In  steady-state  operation,  we  assume 
that  electrons  have  been  energized  by  the  rf  emission,  acquiring  a  steady-state,  uniform 
temperature  Te.  The  resulting  plasma  is  constituted  of  singly-charged  ion,  electrons,  and 
neutrals  (subscripts  i,  e,  and  n,  respectively).  Plasma  density  is,  on  the  one  side,  high 
enough  for  assuming  the  zero-Debye-length  limit  and,  on  the  other  side,  low  enough  for 
assuming  the  zero-beta  limit  and  thus  neglect  the  induced  magnetic  held29.  Thereby,  the 
plasma  is  quasineutral  with  n  =  ne  =  rq  except  in  Debye  sheaths  around  the  chamber 
walls,  which  constitute  surface  discontinuities  in  the  quasineutral  scale.  Thus,  the  sonic 
Bohm  criterion  applies  to  the  perpendicular  how  at  the  edges  B  and  Q  of  the  back  and 
lateral  sheath,  respectively  (Fig.  1).  The  perpendicular  how  is  also  assumed  sonic  at  the 
chamber  exit  section  E  (where  we  set  ze  =  0). 

Continuity  and  momentum  equations  for  each  species  (j  =  i,e,n )  are 

^  *  (Re'U'e)  ^  '  (Ri^i)  ^  '  (^n^ro)  ^e^nRioni  (I) 

V  •  ( nijUjUjUj )  =  — Vpj  +  qjrij(—X7(f)  +  Uj  x  B)  —  Sj ,  (2) 

where:  rrij  is  particle  mass  and  qj  is  electric  charge  (with  qe  =  —e  for  electrons);  u:j 
is  macroscopic  velocity,  rij  is  density  and  pj  =  Tjtij  is  pressure;  (t>  is  the  ambipolar 
electric  potential,  and  Sj  groups  different  collisional  processes  on  each  species.  These 
include  ionization  and  elastic  electron-neutral,  electron-ion,  and  ion-neutral  collisions, 
with  subindexes  ion,  en,  ei,  and  in,  respectively.  Collisional  rates  for  these  processes,  R}; 
(k  =  ion,  en,  ei,  in),  are  dehned  in  the  Appendix  A  and  plotted  in  Fig.  2  in  terms  of  Te. 

According  to  the  analyses  of  Refs.  8,  26,  and  27,  and  for  a  chamber  with  L  R,  the 
following  assumptions  and  conventions  are  adopted  for  the  model: 
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1.  Axial  symmetry:  d/dO  =  0. 

2.  Neutrals  are  assumed  cold,  with  un  =  un lz,  and  their  density  and  velocity  depend 
only  on  z.  (These  simplifications  are  well  justified  for  a  magnetized  plasma  with 
small  wall  recombination.) 

3.  Ion  pressure  is  much  smaller  than  electron  pressure. 

4.  The  plasma  current  j  satisfies  the  longitudinal  ambipolarity  condition  j  —  lgjg  =  0, 
yielding  uri  =  ure  =  ur  and  uzl  =  uze  =  uz.  (This  is  rather  plausible  for  an  elongated 
dielectric  chamber  and  the  nozzle  model  considered  later.) 

5.  Plasma  density  is  expressed  as 

n(z,r )  =  nz(z)nr(z,r), 
with  (2 / R2)  f(^  rnr(z,  r)dr  =  1  for  all  2. 

6.  The  electric  potential  is  split  as 

(p(z,r)  =  4>z(z)  +  <f>r(z,r), 

with  <j)r(z,  0)  =  0  for  all  z. 

7.  ugi  <C  uge  =  ug,  so  that  magnetic  effects  of  ions  are  negligible. 

8.  Longitudinal  electron-inertia  is  negligible,  but  azimuthal  electron-inertia  (due  to  ug) 
is  retained. 

9.  Spatial  gradients  satisfy  the  following  orderings, 

dnr/dz  <C  dnr/dr,  d<j)r/dz  <C  d<j)r/dr, 
d(ur,ug)/dz  <C  d(ur,ug)/dr,  duz/dr  <C  duz/dz. 

These  assumptions  reduce  the  2D  model  into  axial  and  radial  models  coupled  mainly 
through  the  wall  recombination  function 

Sw(z)  =  nzvw(z ), 
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where  the  frequency  uw(z)  is  an  eigenfunction  to  be  determined.  Then,  the  axially- 
dependent  equations  are 


'R'z'U’z  T  ^n'^n  90i 

d  , 


dz 

u 


duz 


,  <9  In  nz 


dz 

du. 


=  c„ 


dz 


u. 


n  0 

OZ 

d<b. 


=  —n. 


_  dlnnz 
dz  ~  e  dz  ' 


(3) 

\Rion  ^w)  i 

(4) 

Tin  ( Rin  Rion)  {^z  Tin) 

(5) 

i  {rin  Tlz)  +  lln{\  Oyj) 

Hn 

(6) 

(7) 

Here:  cs  =  ■sjTfJrrij  is  the  sound  velocity,  go  =  rh/ (rriiirR2)  is  the  (constant)  axial  flux  of 
heavy  species  (i.e.  ions  and  neutrals),  and  awun  is  an  effective  axial  velocity  of  neutrals 
created  from  plasma  recombination  at  the  lateral  wall. 

The  radially-dependent  equations  are8 


Id 

( mrur )  =nruw, 

r  dr 


dur  o  d  In  nr  eB  mev%  . 

lLr—r  C  ~  TLq  +  Tln  \Rin  Rion) 

or  or  rrii  rrii  r 

due  _eB  r  (n  ,  r>  \  ,  t?  i  uour 
ur  ^  ur  [Un  ( lif  ji  T  Bjon )  T  nnei\  uq  , 


dr  rrif, 


d(f>r 

dr 


=  T, 


d  In  n 


+  eBue  —  me — . 
or  r 


(8) 

(9) 

(10) 

(11) 


Therefore,  the  axial  model  determines  the  set  (nz,  nn,  uz,  un,  dz),  which  depends  only  on 
z,  while  the  radial  model  yields,  at  each  z,  the  set  (nr,  ur,  ug,  dr)-  Notice  that  equations 
for  cf)z  and  dr  are  decoupled  from  the  rest. 


A.  The  radial  model 

The  radial  model  is  discussed  in  detail  in  Ref.  8.  Dimensionless  variables  are  r/R, 
nr/nr(z,  0),  edr/Tei  ur/cs,  and  uo/ce,  with  ce  =  ^/Tjrne  used  for  non-dimensionalizing 
ue  instead  of  cs.  Boundary  conditions  at  r  =  0  are 

ur  =  uq  =  In [nr/nr(z,  0)]  =  dr  =  0. 

The  extra  condition  ur  =  cs  at  r  =  R  (i.e.  the  Bohm  criterion  at  the  sheath  edge) 
determines  the  eigenvalue  vw(z)  in  the  functional  form 
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^  /  bJlh  l^ion  ^en  ^ eiO 

I  5  5  5 

Cl)  p  ^  CU  p  Cl)  p  CUp  CUp 

with  u>r  =  cs/R  (the  radial-transit  frequency),  u;^  =  eB / y/rn^mi,  uei0  =  ( Rein)r=0 ,  uen  = 
Rennn,  and  z/(on  =  B,onrin ;  ion- neutral  collisions  are  negligible  in  the  regimes  of  interest 
here. 

Reference  8  showed  that  the  main  magnetized  regime  corresponds  to 


uih  ^ en  +  Vei  +  L'ion  +  L'in  >  o(Ur). 


Notice  that  the  magnetized  plasma  condition  u)r/u>ih  C  1  is  equivalent  to  £e/R  <C  1, 
with  f:e  the  electron  Larmor  radius.  In  the  magnetized  regime  the  radial  structure  of 
the  plasma  column  consists  of  a  bulk  diffusive  region,  a  thin  inertial  layer  (quasineutral 
and  collisionless),  and  the  thinner  Debye  sheath.  For  ve  =  ven  +  uei  +  vion  =  const:  the 
asymptotic  universal  solution  for  the  bulk  region  is30 

nr(z,r)  _  /  r\  ur  _  ueujr  R  (a0r/R)  ue_uru)ih_ 

/  '-'0  I  t-,  )  ?  It!  /  d\  ’  »  Id'R 

nr(z,  0)  V  RJ  cs  ujfh  J0(a0r/R )  ce  cs  ve 

the  inertial  layer  covers  the  range  ur/cs  ~  VeJ^ih  to  ur/cs  =  1;  and  the  plasma  balance 
condition,  Eq.  (12),  reduces  asymptotically  to 

2W,2  ,x 

Vw  =  a0—ue,  (14) 

uih 

with  ao  ~  2.405,  the  first-zero  of  the  Bessel  function  of  the  first  kind  Jq. 


B.  The  axial  model 

After  some  manipulation,  the  set  of  Eqs.  (3)-(7)  yields 
c)u 

{p’s  U 2)  (VjZ  Un)uznn(Rin  +  Rion )  H-  ^w)  5  (15) 

din 

(cs  Uz^—^—  77/^  ( J^nRion  ^ w )  ^ln  (Rin  “1“  -^ion)]  5  (1®) 

dun 

flnltn  ^ z  (®u>  1)4”  (hz  ^n)  ^n^m]  •  (17) 

Boundary  conditions  for  these  equations  are  imposed  at  the  back-wall  sheath  edge  B  and 
the  front  exit  E: 


Q 0  known,  B^nB  'U’zB  CS1  CjzE  Cs. 
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Non-dimensionalization  with  cs,  g0,  and  L  yields  that  the  axial  solution  depends  on  the 
following  dimensionless  parameters 


L / A*-,  Rin,s  /  Rioni  ^nO/C-si 


plus  the  eigenfunction  vw  /  (ri.nRlon) .  Here 


L*  ds/(AjonUn  o) 


is  an  effective  ionization  mean-free-path,  quotient  of  the  scaled  ionization  cross  section 
Rion/cs  (which  depends  only  on  Te),  and  the  neutral  density  nn o  =  go/unQ. 

For  thruster  efficient  operation,  Te  and  B  are  large  enough  to  have 


/  ( RnRion )  1,  Rin,s/  Rion  < ^  ^ nO /  Cs  1? 


and  (for  aw  —  1)  the  axial  plasma  flow  admits  the  ideal  (or  perfect  confinement)  solution 


Un  ^nO  i 


uz  ^  n  ^  o  ,  nn  . 

—  =  tan  £,  —  =  2t^  cos2  £,  - —  1  —  r]u  sm  2£, 

Cs  Tig 


(18) 


z  +  L  _  ft  1  -  tan2  £'  , 

A*  J-n/4  1  -Vu  sin  2£' 
where  no  =  <7o/cs  is  a  plasma  reference  density,  £  is  an  auxiliary  variable,  and  r/„  =  ue/uq 
coincides  with  the  propellant  utilization.  Setting  z  =  0  at  £  =  7r/4in  Eq.  (19)  yields 
implicitly  the  relation  gu(L/L+)\ 


L 

U 


1  -  tan2  £ 

1  -  rju  sin  2£ 


(20) 


Although  the  functions  in  Eq.  (18)  are  symmetric  with  respect  to  £,  the  function  z(£)  is 
not  symmetric,  the  point  £  =  0  (where  uzi  =  0  and  n  is  maximum)  being  shifted  towards 
the  chamber  rear  wall. 


III.  PLASMA  RESPONSE  INSIDE  THE  CHAMBER 

This  section  discusses  the  2D  spatial  solution  and  the  resulting  performances  of  the 
plasma  inside  the  chamber,  in  terms  of  the  three  main  operation  parameters:  the  magnetic 
field  B ,  the  gas  flow  m.  and  the  plasma  temperature  Te  (which  will  be  later  related  to 
the  absorbed  power  Pa).  Although  the  discussion  can  be  done  in  terms  of  dimensionless 
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parameters,  for  sake  of  clarity  we  have  opted  for  presenting  dimensional  results.  Thus,  we 
consider  a  cylindrical  chamber  with  R  =  1cm  and  L  =  10cm,  operating  nominally  with 
xenon,  B  =  600G,  m  =  O.lmg/s,  and  Te  =  lOeV.  We  also  take  aw  =  1  and  uno/cs  =  0.07. 
For  these  conditions  the  typical  values  of  dimensionless  parameters  are  ujuJcj,.  =  80, 
^enj^r  ^  10,  ^ei/^r  ^  3,  /  ^nRion  0.2,  Rin,s  /  Rion  0.04,  and  L / L+  3.7. 

A.  2D  plasma  profiles 

Figure  3  plots  profiles  of  main  axial  magnitudes  for  two  magnetic  intensities,  200G  and 
600G,  and  compare  them  with  the  ideal  axial  solution  of  Eqs.  (18)-(19).  Fig.  4  plots 
profiles  of  two  radial  magnitudes  at  the  chamber  rear  wall  (z  =  — L )  and  front  exit  (z  =  0), 
for  the  same  magnetic  intensities,  and  compare  them  with  the  ideal  radial  solution  of  Eq. 
(13). 

Figure  3(a)  shows  how  the  injected  neutral  flow  is  effectively  depleted  by  ionization. 
In  Fig.  3(b)  we  observe  that  the  plasma  density  presents  a  positive  gradient  at  the  back 
of  the  chamber,  caused  by  ionization,  and  then,  a  negative  gradient,  caused  by  ion  accel¬ 
eration.  Fig.  3(c)  shows  the  region  of  backward  and  forward  plasma  flow,  with  uzi  =  0 
marking  also  the  location  of  the  maximum  ne.  Observe  that  the  ion  back-streaming  region 
occupies  only  a  small  part  of  the  chamber;  in  contrast,  the  constant-nn  model  of  Ref.  27 
yields  symmetric  profiles  of  axial  variables  around  the  chamber  mid-section,  z  =  —L/ 2. 
Figure  3(d)  plots  the  effective  electron-collision  frequency,  which  decreases  by  a  factor  of 
8  between  the  chamber  back  and  front  sections,  because  of  the  decrease  of  ven  {yen  oc  nn ). 
As  a  consequence,  the  plasma  is  more  magnetized  near  the  chamber  exit,  which  affects 
the  radial  profiles  of  Fig.  4  and  the  local  wall  recombination.  In  fact,  electron  collision- 
ality  is  dominated  by  collisions  with  neutrals,  near  the  back  wall,  and  with  ions,  near 
the  front  exit.  Figure  3(e)  depicts  the  ratio  between  wall-recombination  and  ionization 
along  the  chamber,  which  defines  the  net  plasma  production  along  the  chamber.  Wall- 
recombination  is  moderate  for  200G  and  small  for  600G,  which  explains  why  the  ideal 
axial  solution  [dashed  line  in  Figure  3(a)-(c)]  is  almost  indistinguishable  from  the  exact 
600G-solution. 

The  radial  profiles  plotted  in  Fig.  4  do  not  cover  the  near-axis  region  r/R  <  0.4,  where 
gradients  of  ur  are  very  small  for  high  magnetization.  The  agreement  of  the  exact  so- 
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lution  with  the  ideal  radial  solution  is  excellent  for  B  =  6006'  at  the  back- wall  section. 
Otherwise,  at  the  exit  section,  the  dominance  in  ue  of  electron-ion  collisions,  which  are 
proportional  to  the  local  ne,  make  the  radial  profile  more  steepened  than  in  the  ideal  so¬ 
lution.  The  profiles  of  ur  illustrate  how  a  large  magnetic  confinement  prevents  developing 
large  perpendicular  velocities  until  the  very  vicinity  of  the  wall.  The  same  is  true  for  the 
radial  electric  field,  —  e<j)r  ~  which  is  negligible  outside  the  thin  inertial  layer,  of 

thickness  £e,  preceding  the  Debye  sheath. 


Figure  5(a)  and  (b)  plot,  for  200G,  r  —  z  contour  maps  of  plasma  density  and  velocity 
U{ .  The  constant- velocity  lines  are  also  good  approximations  for  isopotentials.  Plasma 
magnetization,  even  if  moderate  as  here,  tend  to  concentrate  the  gradients  of  the  plasma 
flow  around  the  lateral  and  rear  walls  of  the  chamber.  Notice  that  the  radial  gradients  of 
n  in  the  bulk  region  are  sustained  not  by  the  tiny  radial  electric  field,  but  by  the  radial 
magnetic  force  generated  by  the  azimuthal  electron  current.  At  the  chamber  exit,  the 
plasma  beam  is  radially-nonuniform  and  near-sonic. 


If  magnetic  confinement  is  not  large,  plasma  losses  to  the  lateral  wall  are  not  negligible 
and  the  fraction  of  neutrals  created  from  recombination  is  significant.  These  are  injected 
back  into  the  plasma  with  a  lower  energy  than  the  recombined  ions  (a  process  known  as 
accommodation)  and  not  specularly,  thus  increasing  the  neutral  thermal  energy.  Within 
our  model  framework,  this  neutral  ‘heating’  cannot  be  reproduced  accurately  but  still  we 
can  estimate  the  sensitivity  of  the  solution  to  the  properties  of  recombined  neutrals  by 
varying  the  parameter  aw  in  Eq.  (IT).  Figure  6  compares  the  solution  for  three  cases: 
aw  =  1,  which  keeps  un  almost  constant;  aw  =  0,  which  assumes  that  neutrals  from 
recombination  are  injected  back  with  zero  energy;  and  aw  =  2,  which  assumes  that  new 
neutrals  keep  some  of  the  ion  axial  directed  energy  before  recombination.  Although  the 
macroscopic  neutral  velocity  is  affected  by  recombination  conditions,  the  profiles  of  plasma 
density  (as  well  as  other  magnitudes)  remain  practically  unaffected. 
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B.  Chamber  performance  parameters 


The  two  main  parameters  characterizing  plasma  production  in  the  chamber  are  the 
propellant  utilization  and  the  production  efficiency,  defined,  respectively,  as 


Vu 


rrijE 

m 


Vp 


rrijE 
tiliT  ’ 


(21) 


where 


rhiT  =  rhiE  +  rhiA  +  miW 


is  the  total  ion  production  rate  in  the  chamber.  This  production  is  the  sum  of  the  ion 
mass  flows  at  the  chamber  exit  E,  the  back  wall  A,  and  the  lateral  wall  W: 

riiiE  =  mi7vR2csnE  rriiA  =  riiw  =  ntiTiR?csnB,  rhjvc  =  mfinR  /  dz(nur)r=R , 

J  o 

respectively. 

In  the  perfect  confinement  limit,  the  ideal  law  r\u{LjLf),  Eq.  (20),  plotted  in  Fig.  7(a), 
is  indeed  the  scaling  law  for  the  propellant  utilization  in  terms  of  L,  nn o  and  Te.  The 
high  propellant  utilization  regime  requires  L/L*  be  large;  for  instance  L/L*  >  2.5  yields 
Vu  A  95%.  Figure  7(b)  plots  the  influence  of  a  non-perfect  confinement  on  //,,  for  dif¬ 
ferent  plasma  temperatures.  For  each  Te-curve,  its  knee  separates  a  low-confinement, 
low-ionization  regime  from  the  high-ionization  regime.  As  m  is  increased,  the  curves  of 
Fig.  7(b)  shift  towards  higher  Vu  [see  Fig-  8  below].  The  achievement  of  high  //„  inside 
the  chamber  is  mandatory  for  a  plasma  thruster  to  be  competitive.  Outside  the  chamber, 
the  neutral  density  decreases  and  thus  ionization  drop  quickly;  in  addition,  downstream- 
produced  ions  acquire  lower  axial  energy  than  chamber-created  ones. 

The  production  efficiency  vP  measures  the  fraction  of  the  produced  plasma  being  ejected 
from  the  chamber  and  thus  contributing  efficiently  to  thrust.  In  the  perfect  confinement 
case  and  for  a  purely  axial  magnetic  field,  it  would  be  rhw  =  0  and  rhs  =  ttie ,  and  the 
production  efficiency  would  reach  a  meagre  maximum  of  only  50%.  Figure  7(c)  plots  the 
influence  of  Te  and  B  on  r/p.  The  qualitative  behaviour  is  similar  to  the  case  of  r)u ,  with 
the  curve  knee  separating  the  two  regimes,  and  Vp  tending  to  the  limit  ~  50%  at  high 
confinement.  The  production  efficiency  increases  weakly  with  Te  (due  to  a  decrease  of 
electron-ion  collisionality) . 

Figure  8(a)  and  (b)  plot  parametric  curves  r ju(B,  rh)  =  const  and  riP(B,  m)  =  const  for 
two  values  of  Te.  They  allow  us  to  determine  optimal  values  of  B  and  m  and  to  assess 
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the  sensitivity  of  plasma  production  to  these  parameters.  Notice  that  a  high  r/u  requires 
minimum  values  of  B  and  fa.  If,  additionally,  we  want  to  keep  riP  close  to  its  maximum 
of  50%,  the  optimal  values  of  B  and  r'n  are  near  the  knee  of  the  curve  rfu(B,fh )  =  const, 
which  is  also  the  region  less  sensitive  to  changes  on  the  operational  parameters.  As  Te 
increases,  the  optimal  values  of  B  and  rh  decrease.  Notice  that  for  B  =  const  and  r'n 
increasing,  r)u  increases  but  r/p  decreases. 

Screening  of  the  lateral  wall  by  the  axial  magnetic  held  has  been  shown  to  make  losses 
there  negligible.  At  the  same  time,  the  lack  of  magnetic  screening  at  the  rear  wall  penalizes 
strongly  riP  and  thus  thruster  performances.  The  penalty  is  due  to  the  plasma  how  to  the 
rear-wall  being  similar  to  the  front-exit  one  and  requiring  re-ionization.  This  large  loss 
would  be  avoided  by  screening  the  back  wall  too.  Magnetic  screening  of  both  the  rear 
and  lateral  chamber  walls  is  feasible  by  appropriate  design  of  the  magnetic  circuit  (via 
either  coils  or  permanent  magnets)  but  redounds  in  a  2D  magnetic  topology,  which  again 
cannot  be  treated  accurately  within  our  model  framework.  Nonetheless,  a  quantitative 
assessment  can  be  made  for  the  limit  of  large  local  screening  of  the  rear  wall,  by  just 
assuming  that  the  plasma  backflow  to  that  wall  is  negligible.  This  implies  to  impose 
the  boundary  condition  uz(—L )  =  0  instead  of  uz(—L)  =  —cs.  Figure  9(a)  shows  that 
the  maximum  density  is  at  the  back  wall,  indicating  that  the  forward-flow  region  uz  >  0 
occupies  the  whole  chamber.  Since  for  a  non-screened  back  wall,  the  back-streaming 
region  was  already  short,  the  global  changes  on  the  2D  plasma  response  are  small,  but,  as 
Fig.  9(b)  confirms,  screening  of  the  rear-wall  typically  doubles  the  production  efficiency, 
which  can  now  approach  100%. 


IV.  THRUST 

A.  Matching  chamber  and  nozzle  models 

The  2D  chamber  model  can  be  matched  now  to  the  2D  divergent  nozzle  model  of 
Ahedo  and  Merino31.  This  model  assumes  a  collisionless,  non-subsonic  plasma,  which  fits 
well  with  the  plasma  exiting  the  chamber  if,  as  desired,  r]u  ~  1  and  the  plasma  is  hot  (say 
Te  >  lOeV).  Still  there  is  a  mismatching  between  the  two  models,  caused  by  the  plasma 
flow  not  fulfilling  a  regular  sonic  transition  at  section  E:  at  present,  the  chamber  model 
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ends  with  a  singular  sonic  flow,  and  the  nozzle  model  starts  with  a  slightly  supersonic  flow 
(typically  with  a  Mach  number  ~  1.01).  An  additional  mismatching,  caused  by  the  limit 
ie/R  =  0  assumed  in  the  nozzle  model,  is  that  the  thin  inertial  layer  next  to  the  chamber 
lateral  wall  is  neglected  in  the  nozzle,  which,  in  our  computations,  means  a  2-3%  loss  in 
mass  flow.  In  total,  we  estimate  that  the  two  mismatchings  yield  an  error  below  5%.  The 
shape  of  the  wall-less  magnetic  nozzle,  r  =  Ry(z)  with  i?y(0)  =  R ,  sketched  in  Fig.  1, 
corresponds  to  the  plasma/vacuum  edge  V.  Two-dimensional  profiles  of  the  supersonic 
plasma  expansion  are  discussed  in  Ref.  10. 

At  present,  the  nozzle  model  cannot  be  extended  into  the  far-downstream  region  be¬ 
cause  two  important  issues,  the  plasma/nozzle  detachment  and  the  vanishing  of  the  elec¬ 
tric  field,  are  not  solved  fully  yet20,22.  Thus,  in  order  to  close  the  problem  in  a  reasonable 
way,  an  isolated  (metallic)  plate,  represented  by  P  in  Fig.  1,  will  mark  here  the  end  of  the 
nozzle  region.  The  plate  is  located  at  a  distance  Ln  from  the  chamber  exit  and  collects 
the  plasma  beam  (without  reinjecting  it).  Surface  D  in  Fig.  1  is  the  edge  of  the  Debye 
sheath  developing  in  front  the  plate.  Observe  that  the  plate  is  not  merely  an  artefact, 
it  could  model  a  material  surface  for  processing32,  a  plasma  momentum  flux  sensor  for 
indirect  thrust  measurement33,34,  or  the  downstream  wall  of  the  vacuum  chamber. 

Both  B0  and  rin  have  an  important  role  on  chamber  performances,  as  we  have  shown 
before,  but  they  have  a  minor  role  on  the  plasma  expansion  in  the  nozzle.  Therefore, 
in  this  and  the  next  section,  B0  and  rin  are  fixed  to  their  nominal  values  of  600G  and 
O.lmg/s,  and  the  discussion  of  thruster  performances  is  focused  on  the  the  influence  of  Te 
and  the  nozzle  length  Ln. 


B.  Thrust  contributions 

Adding  for  the  three  species,  the  momentum  flux  equation  of  the  whole  plasma  is 

V  •  M  =  e(ne  —  rq)V</>  —  eneue  x  B,  (22) 


where 


M 


£,•=*  P  n(mjrijUjUj  +  pjl ) 


-Jj=i,e,n  V 
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is  the  plasma  momentum  flux  tensor.  The  axial  momentum  flow  across  section  z  =  const 
is 


FJz)  =  2,71 


dr  rMzz(z,  r ) 


(23) 


with  Ry(z )  =  R  inside  the  chamber. 

Physically,  the  thrust  F  is  the  net  backwards  force  exerted  by  the  whole  plasma  on 
the  thruster.  This  (axial)  force  is  the  sum  of  three  different  contributions,  namely, 


F 


pres 


—  Feiec  +  F. 


mag  • 


(24) 


Here: 


Fpres  FzA 


D 


w, 


(25) 


is  the  axial  dynamic  pressure  of  the  plasma  at  the  chamber  walls,  with  FzA  =  Fz(—L) 
and  Dw  =  7iR2m,i  f°L  dz  nzvw(uzi  —  awun ); 

F^  =  ^l  drr{t)A  (26) 

is  the  axial  electric  force  between  the  positive  electric  charge  in  the  sheath  AB  and  the 
negative  electric  charge  at  the  back  wall  (eo  is  the  vacuum  dielectric  permittivity);  and 


eLn  pRy(z) 

Fmag  =  27 t  dz  dr  r(-j0)Br  (27) 

do  do 

is  the  axial  magnetic  force  of  the  azimuthal  plasma  current  on  the  thruster  magnetic 
circuit,  here  expressed  as  the  reaction  force  of  the  applied  magnetic  field  on  the  plasma 
currents,  jo- 

For  our  simple  geometric  configuration 


Fcham  Fpres  Feiec 

is  the  chamber  (or  internal)  thrust28,  while  the  magnetic  thrust,  Frnag ,  is  exclusively 
external  thrust.  Particularizing  Fz(z)  at  sections  A,  B,  E,  and  D  yields  the  relations 
between  the  plasma  momentum  flow  and  the  different  contributions  to  thrust: 

FzB  FzA  Feiec , 

Fze  =  FzB  —  Dw  =  Fcham ,  (28) 

Fzd  =  Fze  +  Fmag  =  F. 
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The  chamber  thrust  depends  on  the  plasma  temperature,  Fcham(Te).  For  B  =  600G, 
when  lateral  wall  screening  is  large,  the  plasma  ‘drag’  on  the  lateral  wall  is  negligible: 
Dw/Fcham  ~  0.01.  On  the  contrary,  the  negative  contribution  of  the  electric  force  is 
significant:  taking  Fpres  ~  FZj 4  and  the  well-known  Debye  sheath  solution  for  a  floating 
wall,  one  has 


elec 


fzB 

1 - ~ 


1  - 


Fpres  Fza  +  ln(mj/(27rme)) 


0.1 


the  last  numerical  value  being  for  argon.  Notice  that  if  wall  secondary-electron  emission 
is  important,  Feiec  decreases  but  Fcham  does  not  change. 

The  magnetic  thrust  depends  on  both  Te  and  Ln,  but  the  ratio 


^  /  Ffn  ag  j  F(:l,  arrL  , 


shown  in  Fig.  10(a)  -and  called  nnoz  in  Ref.  20-,  is  nearly-independent  of  Te  (except 
for  the  weak  dependence  of  ion  magnetization  on  Te ),  monotonic  with  Ln,  and  tending 
asymptotically  to  about  1.  Therefore,  we  can  write 


F(Te,  Ln)  ~  Fcham(Te)  [1  +  Kp(Z/n)] . 


(29) 


As  an  illustration,  Fig.  11(a)  plots  the  thrust  of  our  simulated  thruster  versus  the  nozzle 
length  and  the  plasma  temperature.  Recent  experimental  measurements  on  a  HPT17  yield 
values  of  up  about  0.4-0. 7  which  agrees  well  with  the  results  of  Fig.  10(a). 

It  is  worth  to  observe  that  the  net  force  exerted  by  the  plasma  beam  on  the  downstream 
plate  P,  Fpiate,  is  the  dynamic  pressure  on  the  plate  minus  the  electric  force  due  to  positive 
electric  charge  in  the  adjacent  Debye  sheath, 

pRv{Ln) 

Feiec, p  =  ne0  /  dr  r  (d<p/dz)2p  . 

Jo 


Thus  one  has 


Fplate  Fzp  T  Feiec, P  Fzp  F. 


(30) 


This  equivalence  between  the  thrust  on  the  thruster  and  the  plasma  force  on  a  downstream 
plate  has  been  validated  experimentally,  the  average  discrepancy  being  a  2%34.  Notice  that 
the  equivalence  is  valid  as  long  as  (i)  the  plate  presence  does  not  modify  substantially  the 
upstream  plasma  beam,  and  (ii)  there  is  no  thrust  contribution  of  the  beam  downstream 
of  the  plate  location.  This  last  condition  requires  to  know  well  the  plasma  behavior 
far-downstream,  which  is  still  and  open  problem. 
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The  monotonic  behavior  of  ACp(Ln)  means  that,  for  given  Te,  the  total  thrust  and  the 
plasma  momentum  flow  increase  with  the  length  of  the  nozzle  region,  Fig.  11(a).  The 
question  to  be  solved  in  the  next  Section  is  whether  that  increment  of  plasma  momentum 
flow  with  Ln  comes  from  an  enhancement  of  the  thrust  efficiency  or  an  increment  on  the 
power  Pa  to  be  deposited  into  the  plasma. 

V.  THRUST  EFFICIENCY 
A.  Energy  balance 

The  energy  equation  determines  the  plasma  temperature  Te  in  terms  of  the  plasma 
absorbed  power  Pa,  which  is  the  dominant  contribution  to  the  energy  balance  of  the  dis¬ 
charge.  Instead,  Fruchtman  et  al.27  claim  that  the  power  (i.e.  energy)  balance  determines 
the  plasma  density,  n,  an  assertion  that  we  find  incorrect:  n  is  indeed  determined  mainly 
by  the  mass  flow  m,  as  the  dimensionless  solution  for  n/no,  with  no  =  m/(mi7rR2cs), 
of  Sec.  Ill  shows  clearly.  Also,  the  setting  of  Te  in  the  present  externally- heated  dis¬ 
charge  is  totally  different  to  the  one  taking  place  in  a  near- quiescent,  self-sustaining  glow 
discharge35,  where  the  mass  balance  between  volumetric  ionization  and  wall  recombina¬ 
tion,  yields  Te  as  a  function  of  nnR  and  the  magnetic  strength;  in  fact  that  function  is 
Eq.  (12)  for  the  case  uw  =  nnRion. 

The  assumption  of  electron  isothermality  has  the  advantage  that  a  global  energy  bal¬ 
ance  relates  easily  Pa  to  the  rest  of  discharge  parameters.  The  discussion  of  the  energy 
balance  will  be  restricted  here  to  the  relation  among  Pa,  Te  and  Ln ,  for  given  values  of  B, 
m,  R ,  and  L. 

The  energy  equation  for  the  plasma,  grouping  contributions  from  all  species  can  be 
expressed  as 

V  •  P  =  j  •  E  +  Pa  —  Pion .  (31) 

Here: 

P{z ,  r)  =  Ymiu2nun  +  2  [miul ui  +  +  5Te)we]  +  qe  (32) 

is  the  plasma  power  density,  with  qe  the  electron  heat  flux;  Pa  is  the  absorbed  power 
density;  and 

■Pion  P'ion^'^'n’P'i&n  =  ^  ’  (.P'ionR'^'i) 
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groups  energy  losses  due  to  ionization  and  excitation,  with  E'lon(Te)  an  effective  ionization 
energy  defined  in  the  Appendix.  In  the  nozzle,  the  contribution  of  neutrals  to  P,  Eq.  (32), 
is  negligible  and  the  contribution  of  the  electron  azimuthal  energy  meuLeJcl  must  be  kept 
small  for  the  nozzle  model  being  consistent10,21;  in  the  simulations  to  follow  it  will  be  kept 
below  10%. 

Making  use  of  V  •  j  =  0,  the  work  of  the  electric  field  satisfies  j  ■  E  =  —V  •  ((f) j)  and 
the  energy  equation  takes  the  conservation  form 


P  +  E'ionnUi  +  <Pj 


=  Pn, 


(33) 


Integrating  this  equation  over  the  whole  plasma  domain,  limited  by  chamber  walls  A 
and  W,  the  nozzle/vacuum  edge  V,  and  the  downstream  plate  P,  the  energy  conservation 
balance  can  be  expressed  as 


Pion  A  Pwall 


+  Pt 


beam 


=  Pn 


(34) 


On  the  right-hand  side,  the  contributions  of  ionization  (plus  radiation),  wall  heating,  and 
downstream  beam  are 

Pion  =  E'ionmiT  /  nrii, 

Pwaii  =  Pw  +  Pa,  (35) 

Pbeam  Pp, 

respectively.  Here 

Pw  =  PQ  =  2i tR  J°l  dzlz  ■  P(z ,  R ), 

PA  =  PB  =  -27T  f0R  dr  rlz  ■  P(zB,  r),  (36) 

Pp  =  PD  =  Pe  =  27t  JRv(zd)  dr  r lz  ■  P(zD,  r), 
represent  radial  and  axial  energy  flows  at  different  surfaces.  The  equalities  PA  =  PB, 
Pq  =  Pw,  and  PB  =  Pp  express  that  there  is  no  energy  spent  by  the  current-free  plasma 
in  sheaths  AB,  QW,  and  DP,  just  an  energy  transfer  from  electrons  to  ions.  Then,  the 
equality  PB  =  Pd  =  Pbeam  also  means  that  there  are  no  energy  sources  in  the  nozzle. 

The  chamber  model  determines  pon(Te)  and  Pwau(Te).  Then,  the  nozzle  model  yields 


Pbeam  =  Pi(z)  +  Pe(z)  =  Const, 


(37) 


with 

Pi(z )  =  7r  /0Rv(x)  dr  rnrriiufuzi, 
Pe(z)~nJ0Rv{z)drr(5Te  +  2qzey, 


(38) 
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meu2e  -C  2 Te  was  assumed.  Equation  (37)  expresses  the  transfer  of  electron  ‘internal’ 
energy  to  ion  ‘kinetic’  energy  along  the  nozzle. 

The  nozzle  model  determines  Pi(z),  with  Pt((Y)  corresponding  to  the  sonic  ion  flow  at 
section  E.  In  fact  and  as  for  ke,  the  ratio 


Kp  =  Pi(z)/Pi( 0)  -  1 


is  almost  independent  of  Te  (constant),  and  the  parametric  dependence  of  the  ion  power 
can  be  expressed  as 

Pw(Te,  Ln)  ~  PiE(Te)[  1  +  KP(Ln)].  (39) 


Figure  10(b)  plots  Kp(Ln),  which  is  approximately  proportional  to  the  square  of  the  local 
r-averaged  Mach  number  in  the  nozzle;  thus  up  —  10  corresponds  to  a  Mach  number  of 
3. 

The  electron  energy  flow  is  the  sum  of  enthalpy  and  heat  flows.  For  Te  =  const,  the 
enthalpy  flow,  (5/2 )TerhiE/mi,  is  constant  along  the  nozzle,  and  the  non-zero  electron 
heat  flux,  qze,  can  be  determined  directly  only  at  the  plate  sheath  edge  D.  The  fluid-to- 
kinetic  correspondence  for  energy  fluxes  (of  a  near-Maxwellian  population)  at  the  edge  of 
a  collisionless  sheath  yields36 

- Tenuze  +  qze  =  (  2  +  -  ln  )  Tenuze ,  (40) 


and  integrating  on  section  D 


PeD{Te)=  (2  + Jin  mi 


Tf 


miE 
rrii  ' 


(41) 


2  27 rme  _ 

Substituting  Eqs.  (39)  and  (41)  in  Eq.  (37),  the  parametric  dependence  of  the  beam  power 
becomes 

Pbeam(Te ,  Ln )  =  Pep>(Te )  +  PiE(Te)[l  +  K,P(Ln)].  (42) 


Since  PiE  ~  TemiE/(2mi),  one  has 

so,  at  the  chamber  exit,  only  a  small  fraction  (about  one-hfteenh  for  argon)  of  the  plasma 
energy  is  deposited  on  the  (sonic)  ion  flow. 
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Returning  to  the  energy  balance,  Eq.  (34),  the  absorbed  power  Pa  required  to  create 
and  expand  a  plasma  of  temperature  Te  along  a  nozzle  of  length  Ln  satisfies  the  functional 
relation 


(43) 


(for  B  and  m  given).  Figure  11  (b)  plots  Pa(Ln )  for  different  plasma  temperatures.  For 
Te  given,  one  has 


Pa(Ln )  —  Po(0)  —  PiD(Ln)  —  PiE  —  Pe£>(0)  —  PeD(Ln). 


Therefore,  for  given  Te,  the  increase  of  absorbed  power  with  Ln  is  supplied  to  the  beam  at 
the  chamber  exit  as  an  increase  of  the  electron  heat  flow.  On  the  contrary,  if  the  absorbed 
power  is  kept  constant,  and  the  plate  location  is  moved,  it  is  evident  from  Fig.  11(b)  that, 
as  Ln  increases,  the  plasma  temperature  (determined  globally)  decreases.  The  isothermal 
electron  model  and  its  consequences  are  further  discussed  below. 

B.  Partial  efficiencies 

Thrust  efficiency  is  defined  as 


rj  =  F2 /2rhPa. 


(44) 


Figure  11(c)  shows  that  thrust  efficiency  is  enhanced  when  either  Te  or  Ln  are  increased; 
both  cases  imply  an  increase  of  the  absorbed  power.  For  our  present  thruster  and  plasma 
model,  thrust  efficiency  remains  below  30%.  In  order  to  understand  this  relatively  modest 
performance  figure,  we  evaluate  next  how  the  different  phenomena  taking  place  on  the 
plasma  affect  the  thrust  efficiency. 

Thrust  efficiency  is  based  on  magnitudes  external  to  the  plasma  discharge,  which  fa¬ 
cilitates  its  computation.  Alternatively,  plasma  beam  properties  are  used  by  Sutton37  in 
the  definition  of  the  thruster  internal  efficiency, 


(45) 


with 
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the  flow  of  ion  axial  kinetic  energy  at  final  section  D.  The  two  efficiencies  coincide  only  if 
the  beam  expansion  is  complete.  The  internal  efficiency  can  be  factorized  as 


Vint  VchamVconVdiv 


(46) 


with 


(47) 


partial  efficiencies  related  to  chamber  processes,  internal-to- kinetic  energy  conversion  in 
the  nozzle,  and  the  beam  or  plume  divergence,  respectively;  eion  =  Pion/Pa  and  ewau  = 
Pwaii/Pa ,  are  the  relative  losses  due  to  ionization  and  wall  heating. 

Figure  12(a)  shows  for  a  long  nozzle  ( Ln/R  =  30)  the  dependence  on  Te  of  elon ,  ewau, 
r/int,  and  //;  the  two  other  efficiencies  are  independent  of  Te ,  being  r/con  ~  0.44  and  r)(ilv  — 
0.95.  The  back  wall  contributes  the  most  to  ewau  and  its  increase  with  Te  is  due  to 
Pwaii  oc  T'f/1 .  The  decrease  of  eion  when  Te  increases  is  due  to  the  transition  to  the 
high-ionization  region  and  the  decrease  of  excitation  collisions.  The  positive  difference 
between  r]  and  rivnt  for  large  Te  is  due  to  the  electron  contribution  to  thrust  not  having 
a  correspondence  on  r]int]  the  negative  difference  at  low  Te  is  due  to  the  poor  propellant 
utilization.  Figure  12(b)  plots  the  same  partial  efficiencies  versus  the  absorbed  power 
instead  of  Te.  The  difference  between  both  groups  of  curves  is  summarized  in  the  fact 
that  increments  of  Pa  are  spent  in  ionizing  more  gas,  at  low  power,  and  in  heating  the 
plasma,  at  high  power. 

Figure  12  yields  that  the  maximum  thrust  efficiency  of  our  modeled  thruster  is  below 
30%.  We  are  now  in  conditions  to  identify  the  main  causes  reducing  efficiency  (excepting, 
of  course,  those  related  to  plasma- wave  interaction).  First,  it  is  clear  that  the  thruster 
must  operate  in  the  high  ionization  regime.  For  instance,  for  Ln/R  =  30  and  Pa  =  150W, 
ionization-plus-radiation  losses  amount  only  to  a  10%  of  the  efficiency  loss,  according  to 
Fig.  12(b).  The  same  Figure  states  that  a  30%  of  the  efficiency  loss  is  due  to  energy 
losses  at  the  chamber  back-wall.  Therefore,  screening  adequately  that  wall  (without 
affecting  much  the  rest  of  the  chamber)  would  yield  Vcham  ~  80%  instead  of  60%.  The 
rest  of  efficiency  losses  takes  place  in  the  nozzle.  First,  the  beam-divergence  efficiency  is 
excellent  (j]diV  —  95%),  but  this  can  be  due  to  the  limited  extension  of  our  nozzle  region. 
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Further  studies  on  the  plasma  detachment  region  are  needed  to  confirm  the  behavior  of 
r/div  Second,  the  efficiency  loss  caused  by  the  conversion  of  electron-to-ion  energy  is  poor, 
r]con  ~  44%.  This  result  is  very  dependent  on  the  electron  equation  of  state  we  have 
assumed,  so  a  discussion  on  this  subject  is  very  pertinent. 

C.  On  the  electron  equation  of  state 

An  isothermal  electron  population  has  been  assumed  here  for  both  chamber  and  nozzle 
models.  Isothermality  was  used  in  previous  ID  magnetic-nozzle  models9  and  the  (isother¬ 
mal)  Boltzmann  relation  is  very  often  invoked  in  plasma  plume  models38.  Except  for 
the  small  drift  flows  into  the  chamber  walls  and  the  downstream  plume,  electrons  con¬ 
stitute  a  population  well  confined  both  electrostatically  and  magnetically.  This  promotes 
that,  in  a  stationary  situation,  electrons  are  not  far  from  thermodynamic  equilibrium  thus 
supporting  isothermality. 

Fruchtman  et  al.27,  who  study  only  the  chamber  region  of  a  HPT,  assume  isothermality 
inside  the  chamber,  but  impose  an  adiabatic  condition  (i.e.  zero  heat  flow)  at  the  chamber 
exit.  This  would  be  consistent  with  an  adiabatic  expansion  of  the  plasma  beam  along  the 
magnetic  nozzle,  similar  to  the  one  taking  place  for  a  hot  dense  gas  in  a  solid  nozzle37. 
However,  the  plasma  beam  of  a  HPT  is  tenuous  and  high-collisionality  cannot  be  claimed 
to  support  local  thermodynamic  equilibrium  and  isentropic  expansion. 

The  choice  isothermal  versus  adiabatic  has  important  consequences  on  the  downstream 
plasma  expansion,  the  energy  balance,  and  the  thruster  internal  efficiency.  For  an  isother- 
mal,  collisionless  magnetic  nozzle,  we  have  found  that:  the  ambipolar  electric  potential 
decreases  without  bound  (as  Ln  increases);  the  electron  enthalpy  flow  is  constant  along 
the  nozzle,  while  the  electron  heat  flow  at  the  chamber  exit  increases  as  Ln  increases  (in 
order  to  balance  the  total  gain  of  ion  kinetic  energy  in  the  nozzle);  and  the  electron-to-ion 
energy  conversion  efficiency  is  poor. 

On  the  contrary,  from  the  simiiarity  with  hot-gas  physics,  in  the  adiabatic  expansion 
of  a  collisional  plasma,  one  would  have  that:  the  ambipolar  electric  field  tends  to  zero 
downstream;  the  electron  heat  flow  at  the  chamber  exit  and  within  the  nozzle  is  zero;  the 
gain  in  ion  energy  is  balanced  by  the  decrease  of  the  electron  enthalpy;  and  the  energy 
conversion  efficiency  is  high.  A  welcome  consequence  of  adiabacity  is  that  the  beam  power 
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is  known  independently  of  the  expansion  in  the  nozzle27,39:  Pbeam{Te )  —  3 
Figure  9  of  Ref.  39  shows  graphically  the  relation  Pa(Te )  in  the  adiabatic  limit. 

Although  the  non-local  character  of  the  electron  energy  transport  in  our  isothermal 
model  is  more  suitable  for  a  a  near-collisionless  population,  we  acknowledge  that  both 
limit  cases,  isothermal  and  adiabatic,  are  crude  models  for  the  equation  of  state  of  a 
collisionless  electron  population.  Indeed,  there  is  some  experimental  evidence  of  plasma 
cooling  in  magnetized  and  unmagnetized  plumes38,40.  Also,  non-local  collisionless  cooling 
of  electrons  has  been  studied  theoretically  with  a  quasi-ID  time-dependent  model  by  Are- 
fiev  and  Breizman41.  Cooling  would  be  caused  by  the  partial  depletion  of  a  Maxwellian 
distribution  function  along  a  divergent  magnetic  nozzle  with  a  traveling  rarefaction  wave 
acting  as  downstream  ‘reflection  boundary’.  Martinez-Sanchez  and  Ahedo42,  analyzed  the 
partially  equivalent  problem  of  a  steady-state  quasi- ID  ion  flow  in  a  convergent  magnetic 
geometry,  and  indeed  obtained  spatially-varying  parallel  and  perpendicular  temperatures 
and  non-zero  heat  flows.  These  two  works  show  the  way  for  analyzing  non-local  colli- 
sionless  cooling  of  electrons  and  the  corresponding  equation  of  state  in  a  2D  stationary 
divergent  flow. 


VI.  CONCLUSIONS 

A  2D  fluid  model  of  the  plasma  flow  inside  the  magnetized  chamber  of  a  helicon  thruster 
has  been  developed,  with  assumptions  based  on  expected  ranges  of  plasma  density  and 
temperature.  Ionization,  confinement,  and  2D  plasma  flow  have  been  discussed  in  terms  of 
design  and  operational  parameters,  i.e.  chamber  dimensions,  injected  gas  flow,  magnetic 
field  strength,  and  plasma  temperature,  the  last  one  a  function  of  the  plasma  absorbed 
power.  Analytical  solutions  for  an  ideal,  near-collisionless  plasma  have  been  derived,  and 
provide  simple  scaling  laws  for  the  plasma  parametric  response.  Optimal  values  of  design 
and  operational  parameters  that  maximize  propellant  utilization  and  production  efficiency 
have  been  investigated. 

The  chamber  model  has  then  been  matched  with  an  existing  nozzle  model.  The  whole 
model  provides  a  complete  picture  of  the  fluiddynamic  processes  of  the  plasma  discharge  in 
a  helicon  thruster  (heating,  generation,  confinement,  and  acceleration)  and  the  capability 
of  assessing  thruster  performances,  such  as  thrust,  power  balance,  and  thruster  efficiencies, 
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assuming  isothermal  electrons.  In  particular,  the  analysis  of  the  momentum  and  energy 
equations  of  the  whole  plasma  has  determined  (i)  the  thermal,  electric,  and  magnetic 
contributions  to  thrust,  (ii)  the  power  conversion  between  ions  and  electrons  in  chamber 
and  nozzle,  and  (iii)  the  power  distribution  among  beam  power,  ionization  losses,  and 
wall  losses. 

Thrust  and  internal  efficiencies  have  been  evaluated,  obtaining  maximum  values  below 
30%  for  the  cases  simulated  here.  The  main  causes  of  inefficiency  are  two:  the  deficient 
magnetic  screening  of  the  chamber  walls  (mainly  the  rear  wall  for  a  near  axial  magnetic 
field)  and  the  incomplete  plasma  expansion  in  the  nozzle  (at  least  for  isothermal  electrons). 

Indeed,  that  expansion  depends  on  the  thermodynamics  of  collisionless  electrons  in  the 
nozzle  divergent  geometry,  which  is  bad  known  and  thus  constitutes  the  most  uncertain 
aspect  when  determining  thruster  performances.  Isothermal  and  polytropic  equations  of 
state  are  shown  to  yield  rather  different  plasma  responses.  For  an  isothermal  flow,  we 
were  forced  to  place  a  downstream  collecting  plate  in  order  to  close  the  energy  balance, 
and  the  plasma  temperature  depends  on  both  the  absorbed  power  and  the  nozzle  region 
length.  Far  downstream  plasma  response  is  also  affected  by  plasma/nozzle  detachment. 

A  complete  model  of  the  plasma  discharge  in  a  helicon  thruster  will  match  the  present 
fluiddynamic  model  with  a  2D  model  of  the  wave-plasma  interaction  and  energy  trans¬ 
fer.  It  is  known  from  simple  wave-plasma  models  that  antenna-plasma  coupling  is  more 
efficient  within  particular  ranges  of  plasma  density  and  magnetic  strength  and  can  be 
more  critical  for  helicon  thruster  operation  than  the  thrust  efficiency  analyzed  here.  The 
wave-plasma  interaction  model  should  also  assess  whether  (or  under  which  conditions) 
suprathermal  electrons  are  created.  This  can  be  instrumental  in  the  formation  of  double¬ 
layer  class  structures  in  the  supersonic  plasma  flow. 

Finally,  in  search  of  tractability,  several  simplifications  have  been  adopted  in  the  fluid 
model,  such  as  the  ID  magnetic  topology  in  the  chamber,  the  absence  of  double-charged 
ions  (which  are  not  insignificant  in  the  expected  range  of  Te),  and  the  approximate  sep¬ 
aration  between  radial  and  axial  dynamics.  These  limitations  should  not  alter  the  main 
trends  of  the  plasma  response  here  but  reduce  the  accuracy  of  the  results.  Their  over¬ 
coming  requires  presumably  to  opt  for  particle-in-cell  or  hybrid  schemes,  instead  of  fluid 
ones,  as  it  has  been  already  the  case  with  other  plasma  thrusters43,44. 
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Appendix  A:  Collision  rates 


The  expressions  proposed  below  for  the  different  collision  rates  are  reasonable  approxi¬ 
mations  for  the  purposes  of  this  work.  The  rates  for  ionization,  electron-neutral  collisions, 
electron-ion  collisions,  and  ion-neutral  collisions  are,  respectively, 


R/ii//  ("A")  G  \  &ion  I  1  fi¬ 


x'  E- 


7T  V  (Te  +  Elonf 


exp 


Err, 


TP 


R  (rp  \  _  / 

v  ^  e )  \  &en  5 

7 rme 

R,i(T„ne)  =  (y^)~3/2  lnA(10’"‘)  ■  9-2  •  lCr^mV1, 

with  Eion  the  first  ionization  energy.  For  ion-neutral  collisions  and  cin  = 
have 

E-in  ((’in)  Gn(^2  G  b-A  1 0  An)  j 


\Ui 


(Al) 

(A2) 

(A3) 
un |,  we 


(A4) 


which  can  be  expressed  as, 


f^in(dn)  ^in,s(T)Qn(l  loglO  Un)  >  (AS) 

with  Cin  Gn/G>  A  \J  E Pjy\ii ,  Bin,s  R^n(cs),  and  cl\  G(G  GMgioA)  .  The 
constants  involved  in  the  above  expressions  are  gas-dependent.  For  argon,  we  will  take 
Eion  =  15.76eV,  <jjon  =  2.8  •  10-2°m2,  aen  =  15  •  10_2°m2,  =  10.5  •  10_1°m,  and 

k\  =  1.67  •  10_1°m. 

For  Te  =  const  and  a  given  gas,  B,on ,  Ben ,  and  7?(„  s  are  constant;  Bl:l  is  a  constant  too 
if  an  average  value  is  used  for  In  A (ne,Te).  Observe  that  the  non-linear  expression  used 
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for  Rin  correspond  to  the  high-pressure  case  of  Fruchtman  et  al.27,  but,  even  for  this  case, 
ion-neutral  collisions  will  be  found  negligible  in  the  desired  operation  range. 

Excitation  collisions  are  taken  into  account  through  the  effective  ionization  energy 
E'ion(Te)  =  Eionaion(Te )  and  alon  the  ionization  cost  factor.  From  Dugan46,  a  fitting 
formula  for  argon  is 

aion(Te)  fa  1.4  +  0.4exp(0.7  Eion/Te).  (A6) 
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Figure  1.  Sketch  of  the  model  (not  done  to  scale). 


Figure  2.  Ionization  and  collision  rates,  i?j(m3/s),  for  j  =  ez,en,  ion  and  (in,  s). 
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Figure  3.  Dimensionless  axial  profiles  inside  the  chamber  of  (a)  neutral  density,  (b)  plasma 
density,  (c)  plasma  velocity,  (d)  radially- averaged  electron  collision  frequency,  (e)  plasma 
recombination-to  ionization  ratio.  Solid  lines  are  for  Bq  =  600G  (thick)  and  200G  (thin),  and 
dashed  lines  are  for  the  ideal  axial  solution.  Normalization  constants  are  defined  in  the  main 
text. 
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Figure  4.  Dimensionless  radial  profiles  inside  the  chamber  of  (a,b)  plasma  density  and  (c,d) 
radial  velocity  ur/cs ,  at  (a,c)  the  rear  wall,  z  =  —  L,  and  (b,d)  the  exit  section,  z  =  0.  Solid  lines 
are  for  Bq  =  600G  (thick)  and  200G  (thin),  and  dashed  lines  are  for  the  ideal  radial  solution. 
Normalization  constants  are  defined  in  the  main  text. 
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Figure  5.  Two-dimensional  maps  inside  the  chamber  of  plasma  (a)  density  and  (b)  velocity,  for 
B0  =  200G. 
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Figure  6.  Axial  profiles  inside  the  chamber  of  neutral  (a)  velocity  and  (b)  density,  for  different 
values  of  the  re-emission  velocity  parameter:  aw  =  1  (solid),  0  (dashed),  and  2 (dot-and-dash). 
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Figure  7.  Parametric  investigation  of  chamber  performances,  (a)  Ideal  scaling  law  for  propellant 
utilization,  (b)  Propellant  utilization  and  (c)  production  efficiency,  in  terms  of  B  and  Te,  for 
m  =  O.lmg/s. 
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Figure  8.  Constant-level  contours  of  propellant  utilization  and  production  efficiency  in  the 
parametric  plane  m  —  B  for  Te  =  lOeV  (a)  and  20eV  (b). 
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Figure  9.  Effects  of  magnetic  screening  of  the  back-wall:  (a)  Axial  profile  of  plasma  density  and 
(b)  production  efficiency  versus  axial  magnetic  field.  Solid  and  dashed  lines  are  for  uzb/cs  =  -1 
and  0,  respectively,  modeling  zero  and  total  magnetic  screening. 
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Figure  10.  (a)  Thrust  gain  and  (b)  ion-power  gain,  versus  nozzle  length. 
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Figure  11.  Influence  of  nozzle  length  and  plasma  temperature  on  (a)  thrust,  (b)  required  ab¬ 
sorbed  power,  (c,  solid)  thrust  efficiency,  and  (c,  dashed)  internal  efficiency.  In  all  figures,  curves 
are  for  Te  —  lOeV,  20eV,  and  30eV;  in  (c)  both  77  and  r]int  increase  with  Te.  Results  are  for 
B  —  600G  and  m  O.lmg/s. 
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Figure  12.  Dependence  of  (solid  lines)  thrust  and  internal  efficiencies  and  (dashed  lines)  ioniza¬ 
tion  and  wall  losses  with  (a)  Te  and  (b)  Pa,  for  Ln  =  30cm,  B  =600G,  and  rn  =  O.lmg/s. 
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Theory  of  Plasma  Detachment  in  a  Propulsive  Magnetic  Nozzle 


Mario  Merino  and  Eduardo  Ahedo 

ETS  Ingenieros  Aeronauticos,  Universidad  Politecnica  de  Madrid ,  Madrid  28040,  Spain 

An  axisymmetric  model  of  the  divergent  propulsive  magnetic  nozzle  demonstrates  that  demagneti¬ 
zation  of  mass-carrying  ions  is  the  key  mechanism  enabling  inwards  detachment  of  the  supersonically- 
expanded  plasma  jet,  even  in  the  asymptotic  limit  of  fully-magnetized  electrons.  In  contrast,  incip¬ 
ient  electron  demagnetization  is  detrimental  for  inwards  beam  detachment,  and  magnetic  strength 
must  thus  be  tuned  to  optimize  both  beam  channeling  and  acceleration  in  the  near  region  and  de¬ 
tachment  in  the  far  region.  It  is  shown  that  only  a  marginal  fraction  of  the  beam  flows  back,  and 
that  the  divergence  angle  of  the  95%-mass  flow  tube  measures  the  effectiveness  of  detachment  and 
permits  comparisons  with  plumes  of  other  plasma  thrusters. 

PACS  numbers:  52.75.Di,  52.30.Ex,  52.59.Dk 


Magnetically-channeled  plasmas  are  fundamental  in 
many  applications,  ranging  from  material  treatment  to 
fusion  and  space  propulsion.  In  particular,  several 
plasma  thruster  concepts  [1-6]  employ,  as  their  accelera¬ 
tion  stage,  a  longitudinal  magnetic  field  to  create  a  diver¬ 
gent  magnetic  nozzle  (MN),  which  transforms  the  inter¬ 
nal  energy  of  the  plasma  into  axially- directed  kinetic  en¬ 
ergy,  thus  producing  a  highly  supersonic  plasma  beam[7]. 
While  the  expansion  of  a  plasma  in  a  MN  vaguely  resem¬ 
bles  that  in  a  solid,  de  Laval  nozzle [8],  the  central  role 
of  long-range  forces  in  MNs  sets  them  apart  from  their 
solid  counterparts.  First,  a  MN  has  the  key  advantage  of 
operating  in  a  contactless  manner,  thereby  avoiding  se¬ 
vere  plasma  losses  and  wall  durability  problems.  Second, 
the  expansion  is  far  from  quasi-one-dimensional[9],  and 
depends  strongly  on  the  form  and/or  species  in  which  the 
internal  plasma  energy  is  stored,  which  can  be  different 
in  each  particular  device[10].  Lastly,  there  are  signifi¬ 
cant  differences  in  the  processes  of  thrust  production  and 
plasma  detachment  from  the  nozzle. 

The  mission  of  any  propulsive  nozzle  is  to  increment 
the  delivered  thrust.  In  a  solid  nozzle,  the  physical 
mechanism  that  enables  this  is  the  pressure  exerted  on 
the  nozzle  divergent  walls.  In  a  wall- less  MN,  as  we 
showed  theoretically [9]  and  Takahashi  et  al.  later  con¬ 
firmed  experimentally  [5],  thrust  is  of  magnetic  charac¬ 
ter.  The  magnetized  plasma  develops  diamagnetic  az¬ 
imuthal  currents  on  electrons  that  oppose  those  running 
in  the  thruster  coils,  thus  creating  two  repelling  magnetic 
forces:  one  yields  positive  thrust  on  the  thruster,  while 
the  second  one  accelerates  the  plasma[ll].  The  MN  con¬ 
tribution  to  the  total  thrust  of  the  device  is  expected  to 
be  about  50%  for  a  plasma  jet  emitted  sonically  by  the 
source  [9],  and  even  a  larger  fraction  if  the  plasma  con¬ 
tains  two  disparate  electron  populations[12,  13]. 

There  is  ample  consensus  that  the  main  uncertainty 
about  the  applicability  of  MNs  in  space  propulsion  is 
the  ability  of  the  plasma  to  detach  from  the  closed  mag¬ 
netic  lines  [14]:  once  accelerated,  it  is  imperative  that  the 
plasma  beam  releases  itself  from  the  magnetic  field  down¬ 
stream  and  continues  to  expand  freely  into  vacuum.  Were 


this  not  the  case,  the  returning  plasma  would  cancel  the 
produced  thrust  and  impinge  on  the  delicate  spacecraft 
surfaces. 

Two  important  aspects  to  take  into  account  when  deal¬ 
ing  with  the  detachment  of  a  plasma  jet  are,  first,  that 
ions  carry  almost  totally  the  plasma  mass  flow;  and  sec¬ 
ond,  that  a  small  backflow  is  unavoidable  in  any  plasma 
plume  expanding  into  vacuum.  Therefore,  the  detach¬ 
ment  problem  must  determine  (z)  which  mechanism  al¬ 
lows  ion  streamtubes  to  detach  inwards  from  the  mag¬ 
netic  lines  and  avoid  flowing  back;  (ii)  which  fraction 
of  the  beam  mass  flow  is  backflowing;  and  (in)  how 
the  efficiency  of  a  MN  in  generating  a  high-energy,  low- 
divergence  beam  is  measured. 

Prevailing  detachment  theories  developed  specifically 
for  plasma  thrusters  with  MN  have  focused  on  electron 
detachment ,  on  the  assumption  that  quasineutrality  and 
current  ambipolarity  make  ion  and  electron  streamtubes 
coincide  in  a  current-free  plasma.  In  a  first  scenario, 
resistivity [15]  or  electron-inertia[16]  would  produce  dif¬ 
fusive  detachment  of  electron  streamtubes.  In  a  sec¬ 
ond  scenario,  the  plasma-induced  magnetic  field  would 
stretch  the  MN  downstream[17].  Unfortunately,  these 
three  mechanisms  do  not  lead  to  inwards  electron  de¬ 
tachment  in  a  propulsive  MN[11,  18]:  electron  diffusion 
detaches  electron  tubes  outwards  from  the  magnetic  lines, 
and  the  magnetic  field  induced  by  diamagnetic  plasma 
currents  opposes  the  applied  one,  thus  increasing  the  di¬ 
vergence  of  the  resulting  MN. 

The  goal  of  this  Letter  is  to  demonstrate  that  ion  in¬ 
wards  detachment  caused  by  ion  demagnetization  is  the 
key  mechanism  for  the  detachment  of  a  plasma  jet  in  a 
propulsive  MN,  and  that  it  takes  place  even  in  the  fully- 
magnetized-electrons  asymptotic  limit.  Additionally,  it 
is  shown  that  the  divergence  angle  of  the  ion  streamtube 
carrying,  say,  95%  of  the  ion/plasma  mass  flow  is  a  di¬ 
rect  measure  of  plasma  detachment  and  allows  a  direct 
comparison  of  MN-based  plumes  with  those  of  more  con¬ 
ventional  devices,  such  as  ion  or  Hall-effect  thrusters.  Fi¬ 
nally,  the  influence  of  plasma  rarefaction  and  finite  elec¬ 
tron  magnetization  on  the  jet  detachment  is  commented. 
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Vacuum-chamber  measurements  of  the  near-region  of 
MNs  of  different  thrusters  are  confirming  ion  detach¬ 
ment  as  a  real  and  robust  phenomenon  [5,  19-22].  How¬ 
ever,  measuring  plasma  expansion  and  detachment  far 
downstream  is  more  challenging  due  to  chamber  size  con¬ 
straints.  Theoretically,  we  already  identified  ion  detach¬ 
ment  as  a  relevant  2D  beam  feature[9,  11],  but  again,  the 
study  covered  only  the  MN  near  region,  limited  down¬ 
stream  by  the  MN  turning  point.  Here,  a  new  intrinsic 
integration  algorithm  allows  to  overcome  the  MN  turning 
point  limitation  and  to  look  into  the  MN  far  region,  both 
downstream  and  laterally. 

The  steady  macroscopic,  two- fluid  model [9]  describes 
the  z-r  expansion  of  a  quasineutral,  collisionless  and 
current-free  plasma  column  of  radius  R  injected  sonically 
at  the  MN  throat  (located  at  z  =  0).  We  assume  the  up¬ 
stream  internal  energy  is  deposited  mainly  on  electrons, 
and  a  magnetic  field  strength  such  that  ions  are  partially- 
magnetized  but  massless  electrons  are  fully-magnetized. 
Then,  electron  and  magnetic  streamtubes  coincide  every¬ 
where  and  the  magnetic  tube  with  initial  radius  r  =  R, 
constitutes  the  plasma- vacuum  edge.  After  manipula¬ 
tion  of  electron  and  ion  equations,  the  2D  evolution  of 
ion  density  and  (longitudinal)  velocity  are  found  to  be 
described  by  a  closed  set  of  three  hyperbolic  differential 
equations,  which  are  integrated  along  characteristic  lines 
in  the  intrinsic  coordinates. 

Ion  magnetization  is  characterized  by  the  local  ion 
gyrofrequency  parameter  Cli(z,r)  =  eRB(z ,  r)/y/Terrii. 
The  particular  coil  layout  of  the  thruster  defines  the 
shape  of  the  MN,  that  is  B(z,r)/Bo,  with  subindex  0 
referring  to  the  origin,  (z,  r)  =  (0,  0),  while  acting  on  the 
coil  currents  modifies  the  MN  strength  Bq  and  thus  O^o- 
This  is  the  main  dimensionless  parameter  in  the  present 
discussion.  Since  both  the  MN  shape  and  the  plasma 
density  profile  at  the  throat,  n(0,r)/no,  are  not  essen¬ 
tial  for  the  detachment  mechanism,  the  magnetic  field  of 
Fig.  1,  and  the  density  profile  of  Fig.  2(a)  in  Ref.  9,  will 
be  used  here.  The  curves  of  constant  B/Bq  =  Cli/Clio 
in  Fig.  1  show  the  demagnetization  rate  in  the  divergent 
MN.  Since  envisaged  MN-based  thrusters  relying  on  elec¬ 
tron  internal  energy  and  medium-to-heavy  propellants 
have  f^o  <  0(10),  ions  are  typically  unmagnetized  ev¬ 
erywhere  (i.e.,  Cli  <C  1),  except  perhaps  near  the  throat, 
where  it  can  be  Cli  >  1  locally. 

Figure  1(a)  and  (b)  depict,  for  two  magnetic  strengths 
amply  covering  the  foreseen  application  range,  the  inte¬ 
grated  ion  flux  from  the  axis  (0%)  to  the  plasma- vacuum 
boundary  (100%),  and  the  ion  streamtubes  containing 
50%,  95%,  and  100%  of  the  ion  flux.  Except  for  the  100%- 
tube,  where  quasineutrality  ensures  that  ion  and  electron 
streamtubes  coincide,  the  progressive  detachment  of  ion 
tubes  from  their  corresponding  magnetic  tubes  is  evi¬ 
dent.  The  separation  it  is  clearly  linked  to  ion  demag¬ 
netization,  with  lower  values  of  leading  to  more  pro¬ 
nounced  tube  separation  in  the  far-region.  As  in  more 
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FIG.  1.  (Color  online)  Ion  inwards  detachment  for  two  mag¬ 
netic  strengths:  (a)  fho  =  1  and  (b)  fho  =  200.  Thick  solid 
lines  are  streamtubes  containing  50%,  95%,  and  100%  of  the 
plasma  mass  flow.  The  thin  solid  lines  show  the  initially- 
corresponding  magnetic  streamtubes.  The  integrated  mass 
flow  from  the  axis  to  the  lateral  boundary  is  depicted  in  the 
2D  map.  Dashed  lines  show  the  order  of  magnitude  of  B/Bo. 
The  field  is  generated  by  a  single  current  loop  of  radius  3.5 R 
located  at  z  =  0.  The  dot  marks  the  MN  ‘turning  point’. 

conventional  thrusters,  the  95%-flow  tube  can  be  used  to 
define  the  ‘practical’  boundary  of  the  plasma  beam  and 
to  assess  the  plume  divergence.  We  observe  that  this 
tube  becomes  more  straight  downstream,  while  only  a 
very  marginal  fraction  of  the  ion  flow  (less  than  1%  in 
present  simulations)  is  deflected  backwards  around  the 
turning  point. 

To  better  quantify  the  effect  of  ion  initial  magnetiza¬ 
tion,  Fig.  2  plots  the  spatial  evolution  of  the  divergence 
angle  of  the  95%-mass  flow  streamtube,  adiv,  for  the  two 
cases  of  Fig.  1  and  for  the  total  ion-magnetization  case, 
Cli  =  oo,  in  which  ion  detachment  would  be  null  every¬ 
where.  Clearly,  the  larger  is,  the  later  ion  detach¬ 
ment  starts  to  be  apparent,  and  the  larger  the  plume  di¬ 
vergence.  Nevertheless,  the  most  striking  result  are  the 
modest  differences  between  the  ‘near  unmagnetized’  case 
(Clio  =  1)  and  the  ‘high  magnetization’  case  (f^o  =  200), 
which,  in  spite  of  the  large  f^o,  is  still  far  away  from  the 
Clio  =  oc  limit.  This  indicates  that  ion  detachment  is 
a  robust  mechanism  even  for  very  large  initial  magneti¬ 
zation  of  ions.  Finally,  notice  that  the  plume  divergence 
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FIG.  2.  Evolution  of  the  divergence  angle  of  the  95%- 
mass  flow  tube  along  its  arc-length  s  in  the  meridional  plane, 
for  different  The  dashed  line  shows  the  divergence  of 

the  95%  magnetic  tube,  which  coincides  with  the  ion  full- 
magnetization  limit,  Qio  —  cxD. 


efficiency  and  the  thrust  gain  [9,  18],  parameters  not  plot¬ 
ted  here,  can  be  used  to  quantify  the  MN  performance 
in  more  detail  than  OLdiv 

We  now  turn  to  analyze  the  physics  behind  the  2D  ac¬ 
celeration  and  detachment  of  the  plasma  jet.  In  general, 
each  plasma  species  expands  under  the  action  of  the  am- 
bipolar  electric  force,  its  own  pressure  gradient,  and  the 
magnetic  force  due  to  its  own  currents.  The  consequence 
is  that  massless,  confined  electrons  and  inertia- driven 
ions  behave  very  differently.  For  electrons,  momentum 
equations  assert  (in  addition  to  electron  tubes  coinciding 
everywhere  with  magnetic  ones)  that  (z)  in  each  magnetic 
tube,  the  electric  potential  (j)(z ,  r)  and  plasma  density  n 
are  related  by  a  tube-dependent  Boltzmann  relation,  and, 
(zz)  in  the  direction  perpendicular  to  the  magnetic  tubes, 
the  expanding  pressure  force  component  fp  is  balanced 
by  the  confining  electric  and  magnetic  force  components, 
fe  and  /m,  that  is  fp  =  fe  +  /m.  Figure  3(a)  plots  the 
relative  strength  of  these  perpendicular  forces.  At  the 
source  exit,  one  has  fe  for  hot  magnetized 

electrons.  Downstream,  however,  the  electric  force  grad¬ 
ually  takes  over  the  confinement  task,  and  the  magnetic 
force  becomes  secondary,  except  at  the  plasma-vacuum 
edge,  where  fm  ~  fP  fe  remains  large. 

On  the  other  hand,  the  change  of  momentum  of  (quasi¬ 
cold)  ions  is  caused  by  the  same  ambipolar  electric  field 
and  a  magnetic  force,  proportional  to  the  local  ion  mag¬ 
netization  and  tube  separation.  For  f^o  small,  the  ion 
magnetic  force  is  negligible  in  the  whole  MN,  and  the 
electric  force  completely  dominates  axial  ion  acceleration 
and  radially-outward  deflection  of  ion  tubes.  For  f^o 
large,  a  paramagnetic  azimuthal  ion  velocity,  uqi,  devel¬ 
ops,  which  generates  a  B-perpendicular,  outward  force  in 
the  near-region  with  two  negative  effects  on  the  ion  flow: 
axial  deceleration  and  increment  of  ion  divergence. 

Our  results  state,  and  experimental  evidence  seems  to 
agree,  that  the  combined  electric  and  magnetic  deflec- 


FIG.  3.  (Color  online)  Maps  for  the  D;o  =  1  case  of  (a) 
perpendicular  magnetic-to-pressure  force  ratio  on  electrons, 
fm/ fp,  and  (b)  normalized  plasma  density,  u/uq. 

tion  of  ion  tubes  are  insufficient  to  match  them  with 
electron/magnetic  tubes.  In  other  words,  the  ambipolar 
condition  j  =  0,  with  j  the  electric  current  density,  can¬ 
not  be  satisfied  everywhere  in  a  2D,  divergent,  globally- 
current-free  jet  even  if  V  •  j  =  0  is  satisfied  naturally 
and  j  m  0  is  imposed  at  a  certain  jet  cross-section [18]. 
Indeed,  the  ambipolar  electric  field  self- adjusts  in  order 
to  preserve  quasineutrality,  but  allows  ion  and  electron 
tubes  to  separate  inside  the  plasma  volume.  Further¬ 
more,  the  more  supersonic  the  ion  beam  becomes,  the  less 
its  divergence  is  affected  by  electric  and  magnetic  forces, 
and  the  more  it  approaches  a  free-expansion  regime,  as 
the  decreasing  growth  rate  of  otdiv  in  Fig.  2  confirms. 

The  above  ideal  model,  based  on  the  assumptions  of 
quasineutrality  and  fully-magnetized  electrons,  demon¬ 
strates  that  plasma  inwards  detachment  is  caused  essen¬ 
tially  by  ion  demagnetization.  The  relaxation  of  these 
ideal  conditions  modifies  the  electric  field  and  conse¬ 
quently  alters  ion  detachment.  First,  Fig.  3(b)  shows 
that  plasma  rarefaction  is  huge  downstream  and  particu¬ 
larly  sideways.  Since  space-charge  effects  grow  as  oc  n-1, 
quasineutrality  eventually  fails  near  the  plasma  edge  and 
far  downstream.  Fortunately,  space-charge  sets  an  upper- 
bound  to  the  electric  field,  and  thus  to  the  deflecting  force 
on  ion  tubes,  which  is  expected  to  facilitate  ion  detach¬ 
ment,  specially  in  the  periphery. 

Second,  for  finite  electron  magnetization,  resistivity, 
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electron-inertia,  and  the  plasma- induced  magnetic  field 
were  shown  to  deteriorate  electron  confinement,  leading 
to  outward  electron  detachment  [11,  18],  which  adversely 
increases  the  effective  MN  divergence.  The  desirability 
of  full  electron  magnetization  on  one  hand  (to  minimize 
these  three  phenomena  and  ensure  proper  channeling  and 
acceleration  of  the  plasma  beam),  and  low  ion  magneti¬ 
zation  on  the  other  (to  foster  downstream  detachment 
and  achieve  low  beam  divergence),  set  two  conflicting  re¬ 
quirements  to  the  magnetic  strength  of  the  MN.  Once 
the  physics  are  understood,  each  thruster  should  opti¬ 
mize  both  the  strength  and  shape  of  the  MN  to  maxi¬ 
mize  thrust  efficiency.  Note  that  the  use  of  heavy,  singly- 
ionized  ions  alleviates  the  requirement  conflict. 

Additionally,  while  the  ideal  model  is  simple  and  con¬ 
sistent  enough  to  demonstrate  the  crucial  role  of  ion 
demagnetization  on  detachment,  it  presents  some  limi¬ 
tations  that  become  important  as  the  jet  expands  fur¬ 
ther  downstream.  First,  the  presence  of  a  tenuous  back¬ 
ground  plasma  (z)  smooths  the  hard  plasma- vacuum 
edge  assumed  here,  and  (zz)  when  the  beam  and  back¬ 
ground  densities  become  comparable,  it  will  affect /limit 
the  development  of  the  electric  field.  Second,  ion- 
electron  separation  generates  longitudinal  electric  cur¬ 
rents  in  the  globally- current- free  jet,  which  must  close 
both  upstream  (i.e.,  inside  the  source)  and  downstream 
(possibly  through  residual  resistivity,  geometric  vanish¬ 
ing,  and  interaction  with  the  background  plasma).  Third, 
the  transition  from  a  magnetized  to  an  unmagnetized 
electron  model  needs  to  be  addressed  consistently.  The 
downstream  vanishing  of  the  magnetic  force  (Fig.  3(a)) 
seems  promising  in  this  regard. 

Fourth,  and  most  important,  the  assumption  of  elec¬ 
tron  isothermality,  while  not  central  for  the  detachment 
process,  leads  to  a  nonphysical,  infinite  (logarithmically- 
slow)  drop  of  the  electric  potential  downstream.  Lim¬ 
ited  laboratory  and  in-space  evidence  (with  unmagne¬ 
tized  collisionless  plumes)  suggests  that  the  electric  po¬ 
tential  vanish  proportionally  to  n7_1  with  7  ~  1.1  —  1.2. 
Unfortunately,  no  established  theory  exists  for  the  expan¬ 
sion  of  a  collisionless  electron  population.  Theoretical 
approaches,  based  on  the  kinetic  theory,  suggest  a  colli¬ 
sionless  cooling  of  electrons  based  on  adiabatic  invariants 
and  effective  potential  barriers  [23,  24]. 

Finally,  the  fundamental  differences  with  the  MN  the¬ 
ory  of  Takahashi  et  al.  [5]  seem  pertinent  to  be  noted 
here.  Their  2D-claimed  model  neglects  ion  radial-inertia, 
when  it  is  indeed  a  dominant-order  term  in  the  radial 
momentum  equation  of  inertia-driven  ions.  This  leads 
to  a  non-physical  behavior,  where  uqi  corresponds  to  the 
ExB  drift  of  a  zero-inertia  species  and  creates  a  diamag¬ 
netic  force  on  ions  that  stretches  axially  the  ion  stream- 
tubes.  Furthermore,  by  postulating  that  the  effective 
beam  cross-section  is  ttR2B(z ,  0)/B0  and  imposing  a  self¬ 
similar  density  profile,  their  model  is  actually  quasi- ID, 
and  avoids  the  central  issue  of  plasma  expansion  beyond 


the  MN  turning  point. 
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The  HPMN  hybrid  (PIC/fluid)  code  is  characterized  and  validated  against  the  DI- 
MAGNO  two-fluid,  collisionless  code  of  the  plasma  flow  in  a  magnetic  nozzle.  A  globally 
current-free,  fully-ionized  plasma  generated  by  a  helicon  source  is  injected  at  the  mag¬ 
netic  nozzle  throat  of  each  code  and  simulated.  Comparison  of  the  plasma  properties  of 
each  solution  highlights  the  differences  and  similarities  between  both  codes.  Results  on 
main  plasma  magnitudes  agree  well,  supporting  the  validity  and  accuracy  of  HPMN  and 
suggesting  points  of  further  improvement. 

I.  Introduction 

Magnetic  nozzles  (MN)  are  envisaged  as  a  promising  acceleration  system  for  advanced  plasma  thrusters. 
By  using  an  axysimmetric,  divergent  applied  magnetic  field,  the  hot  plasma  of  these  engines  can  be  efficiently 
channeled  and  expanded  into  vacuum  to  produce  thrust  in  an  equivalent  way  to  a  solid  de  Laval  nozzle.  The 
central  advantages  of  MN  over  their  solid  counterparts  are  the  strong  reduction  of  plasma  losses  and  wall 
damage  thanks  to  magnetic  confinement,  and  the  possibility  to  control  thrust  and  specific  impulse  in  flight 
by  modifying  the  geometry  and  intensity  of  the  applied  field,  which  allows  to  adapt  to  different  mission 
profiles.  Examples  of  electric  thrusters  using  of  MN  are:  the  Helicon  thruster,1-4  the  applied-field  MPD 
thruster5,6  and  the  VASIMIR.7  Once  accelerated,  the  plasma  needs  to  free  itself  from  the  imposed  magnetic 
field  to  form  a  directed  axial  beam,  a  phenomenon  known  as  detachment. 

A  good  understanding  of  plasma  physics  in  the  MN  is  central  for  the  development  of  a  successful  and 
efficient  thruster  that  can  compete  with  the  current  array  of  highly  optimized  electric  propulsion  systems,  or 
extend  the  current  performance  envelope.  In  this  regard,  numerical  simulations  are  of  paramount  importance 
to  attain  this  understanding  and  complement  experiments,  since  they  can  provide  the  necessary  insight  in 
the  mechanisms  for  plasma  acceleration  and  detachment. 

In  the  last  years,  we  have  studied  the  physics  of  the  MN  with  DIMAGNO,8-10  a  two  fluid,  two  dimensional 
code  of  a  totally  ionized,  quasineutral,  collisionless  plasma.  DIMAGNO  code  reproduces  the  fundamental 
physics  of  the  MN,  including  fluxes  of  ions  and  electrons,  electric  potential,  electric  currents  and  induced 
magnetic  fields.  It  achieves  high  computational  speed  and  accuracy  thanks  to  the  Method  of  Characteristics 
(MoC)  used  in  the  integration  of  the  supersonic  flow.  This  code  has  permitted  the  analysis  of  the  acceler¬ 
ation  mechanisms  in  the  nozzle,  the  radial  rarefaction  of  the  expansion,  the  generation  and  transmission  of 
thrust,  and  the  parametric  investigation  of  propulsive  performances.8  Additionally,  an  initial  study  of  the 
detachment  problem  in  a  hot  plasma  has  been  carried  out,  where  DIMAGNO  showed  that  plasma  induced 
magnetic  field,  resistivity,  and  azimuthal  electron  inertia  cause  radially-outwards  detachment.9 

In  spite  of  its  success  and  adequacy  for  the  study  of  the  fundamental  physics  of  a  MN,  the  approach 
followed  in  DIMAGNO  is  constrained  by  the  assumption  of  a  collisionless  plasma  and  the  inherent  charac¬ 
teristics  of  a  fluid  model,  precluding  the  analysis  of  interesting  phenomena  such  as  resistive  diffusion  in  the 
plume.  To  overcome  this  and  other  limitations,  a  2D  hybrid  particle/fluid,  quasineutral  code  called  HPMN 
after  ‘hybrid  particle  magnetic  nozzle’  has  been  developed  at  EP2.11  This  code  nourishes  on  the  large  expe¬ 
rience  and  confidence  acquired  on  the  well-tested  HPHall2  code  used  in  our  group,12  originally  conceived  for 
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the  simulation  of  Hall  effect  thrusters.  In  HPMN,  heavy  species  are  simulated  with  the  particle-in-cell  (PIC) 
methodology,  while  fully-magnetized  electrons  are  modeled  as  a  magnetized  fluid.  Collisions  are  treated  with 
Monte  Carlo  (MC)  methods.  This  hybrid  approach  means  a  convenient  trade-off  between  complexity  and 
detail,  and  allows  to  recover  physical  aspects  unattainable  with  a  fully  fluid  model,  such  as  the  ion  energy 
distribution  function  (EDF).  However,  some  accuracy  and  the  “cleanness”  which  characterize  fluid  models 
such  as  DIMAGNO  are  unavoidably  sacrificed.  One  the  advantages  of  the  HPMN  code  is  that  it  takes  into 
account  electron  collision  effects,  and  allows  exploring  the  gentle  diffusive  transition  between  the  dense  jet 
and  the  near-vacuum  region,  whereas  DIMAGNO  necessarily  employs  a  sharp  plasma-vacuum  edge. 

The  goal  of  this  paper  is,  first  of  all,  to  carry  out  the  validation  of  the  HPMN  code.  Validation  of  this 
newer  code  needs  to  be  performed  based  on  previous  knowledge  of  MNs.  To  this  end,  identical  plasma  flows 
are  simulated  with  DIMAGNO  and  HPMN,  and  we  compare  and  cross- validate  the  results.  The  calculated 
plasma  profile  at  the  exit  of  a  helicon  source  will  be  employed  in  both  simulations.  Comparisons  are  made 
in  terms  of  plasma  density  distribution,  ion  current  density  flows,  induced  azimuthal  currents,  and  thrust 
gain.  From  this  analysis,  we  reach  conclusions  about  the  suitability  of  each  code  to  simulate  the  different 
physics  present  in  a  MN.  Our  second  objective  is  the  investigation  and  characterization  of  the  new  physical 
phenomena  present  in  HPMN  that  were  unavailable  in  DIMAGNO.  Our  focus  here  is  on  the  diffusion  due 
to  collisions. 

The  paper  is  organized  as  follows.  First,  a  short  summary  of  the  fluid  model  of  DIMAGNO  and  the 
hybrid  model  of  HPMN  is  provided  in  sections  II  and  III,  respectively.  Then,  in  section  IV,  the  upstream 
plasma  provided  by  a  helicon  source  is  characterized.  This  knowledge  provides  the  initial  flow  conditions  for 
the  simulations  of  DIMAGNO  and  HPMN.  The  comparison  of  results  and  the  main  discussion  is  carried  out 
in  section  V.  Finally,  conclusions  and  planned  future  developments  are  gathered  in  section  VI. 

II.  Fluid  model  (DIMAGNO) 

Summarily,  the  fluid  model  of  DIMAGNO  describes  the  axysimmetric,  steady-state  flow  of  a  totally- 
ionized,  quasineutral,  collisionless,  supersonic  plasma  in  the  divergent  magnetic  field  B.  Electrons  are 

modeled  as  a  hot,  isotropic  species  of  constant  temperature  Te,  while  ions  are  modeled  as  a  cold  one  with 

mass  rrii.  A  detailed  account  of  the  derivation  of  the  model,  its  nomenclature,  and  the  integration  strategy, 
can  be  found  in  previous  publications,8,9  including  a  discussion  of  the  main  results.  The  ion  and  electron 
equations  are  presented  here  in  abridged  form  for  convenience: 

V  •  (nui)  =  0,  (1) 

rrii  ( Ui  •  V)  Ui  =  e  (— V0  +14  x  B) ,  (2) 

0  =  —  Te  V  In  n  —  e  (— V0  +  ue  x  B)  .  (3) 

The  main  characteristics  of  the  model  stem  from  the  hypotheses  of:  (1)  negligible  collisions,  i.e.  that  the  Hall 
parameter  xh  =  eB /meve  1;  and  (2)  completely  magnetized  electrons  and  negligible  electron  inertia, i.e. 
electron  Larmor  radius  £e  =  V meTe /  (eB)  <C  R ,  with  R  the  macroscopic  length  of  the  plasma.  Electron 
streamtubes  are  therefore  assumed  to  coincide  with  magnetic  streamtubes.  Ions,  however,  are  only  partially 
magnetized,  and  separate  inwards  from  the  electron  streamtubes  depending  on  their  magnetization  degree, 
giving  rise  to  longitudinal  currents8  and  facilitating  detachment.13  The  validity  of  these  assumptions  is 
justified  inasmuch  as  an  efficient  MN  requires  that  at  least  the  electrons  are  magnetized,  so  that  the  plasma 
will  describe  the  geometry  of  the  magnetic  field,  and  that  the  flow  collisionality  is  low  to  achieve  good 
magnetic  confinement.  The  resultant  model  is  dependent  on  the  geometry  and  intensity  of  the  magnetic 
field  (the  latter  measured  by  the  non-dimensional  ion  gyrofrequency,  =  eBR/  y/rriiTe,  which  is  the  key 
parameter  that  controls  ion  magnetization),  and  the  initial  conditions  at  the  nozzle  throat. 

For  a  given  magnetic  field  B ,  Eqs.  (l)-(3)  are  hyperbolic  if  ions  are  supersonic,  and  they  can  be  integrated 
with  the  method  of  characteristics  (MoC).  This  leads  to  a  highly  accurate  and  computationally  inexpensive 
integration  scheme.14  As  a  consequence,  DIMAGNO  is  regarded  as  a  valuable  tool  for  validation  of  more 
complex  codes  such  as  HPMN. 

As  pointed  out  in  the  introduction,  DIMAGNO  reproduces  the  fundamental  MN  physics  of  plasma 
expansion  and  acceleration,  electric  currents,  thrust  generation,  etc.,  and  has  been  used  to  study  the  main 
aspects  of  the  operation  of  these  devices.  Certain  advanced  physics  can  also  be  analyzed  by  extending  this 
model.  For  instance,  the  plasma- induced  magnetic  field,  which  can  play  an  important  role  in  detachment, 
can  be  taken  into  account  with  a  simple  iteration  procedure.15  The  influence  of  collisions  was  recently  studied 
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with  a  perturbation  analysis.9, 16  The  dominant  electron  inertia  effects  (finite  Larmor  radius  effects)  can  be 
easily  incorporated  into  the  model.17, 18  Support  for  multiple-temperature  electron  distributions  has  been 
added,  allowing  the  study  of  the  formation  of  quasi-double-layers  in  the  flow.19  Latest  developments  include 
the  capability  to  simulate  the  flow  beyond  the  magnetic  turning  point  to  analyze  the  far-field  plume.13 

III.  Hybrid  PIC/fluid  model  (HPMN) 

The  core  of  the  hybrid  model  used  here  inherits  from  the  well-known  HPHall2  hybrid  code,12  an  improved 
version  of  HPHall,20  which  was  designed  to  describe  the  plasma  physics  in  a  Hall  thruster.  The  fundamentals 
and  intricacies  of  the  new  HPMN  code  were  presented  in  Ref.  11. 

Heavy  species  (neutrals  and  ions)  are  treated  as  macroparticles  in  a  conventional  PIC  subcode.  The 
spatial  grid  is  axysimmetric  and  structured.  Collisions  that  involve  ions  and  neutrals  can  be  accounted  for 
using  Monte- Carlo  methods.  Main  properties  of  the  quasineutral  plasma  provided  by  the  PIC  subcode  are 
the  plasma  density  and  ion  currents. 

HPMN  models  electrons  as  a  magnetized  fluid.  Main  differences  compared  with  DIMAGNO  are  (1)  the 
inclusion  of  collisions  in  the  momentum  equation  and  (2)  the  possibility  of  taking  into  account  ionization 
processes.  Thus,  Eqs.  (1)  and  (3)  of  previous  section  are  extended  here  to  include  these  terms, 

V  •  (nui)  =  V  •  (nue)  =  he  (=>  V  ■  j  =  0) ,  (4) 

0  =  — TeV  Inn  —  e  (— ' V0  +  ue  x  B)  +  meveue.  (5) 

The  fluid  model  of  electrons  is  based  on  projecting  Eqs.  (4)  and  (5)  onto  the  magnetic  reference  frame, 

1 1| ,  {  1_l ,  In},  where,  1||  =  B/B ,  and  and  lj_  =  1q  x  ly  is  the  normal  unit  vector  to  the  magnetic  field.  The 

result  of  splitting  Eq.  (5)  along  each  of  these  directions  is,  respectively, 

e(/>(r,z)  =  -He (0)  +  Te(0)  In  n(r,z), 

UQe  =  ~XhU_ Le, 

rXH  dHe 

U-Le  2  O  /  ’ 

i  +  X  h  9 

where  only  azimuthal  resistivity  has  been  kept  due  to  its  zero-order  character  on  the  definition  of  u_ i_e,  0  is 
the  magnetic  streamfunction,  and  the  rest  of  symbols  are  conventional 

Equation  (6)  constitutes  the  Boltzmann  relation  in  the  parallel  direction,  in  which  —He/e  is  the  thermal- 
ized  potential,  known  from  flow  conditions  at  the  MN  throat.  Equations  (7)  and  (8)  describe,  respectively, 
the  azimuthal  and  perpendicular  behaviour  of  the  electron  flow.  Notice  that  the  last  one  becomes  u±e  =  0 
in  the  collisionless  limit  xh  oo,  recovering  the  corresponding  expression  of  DIMAGNO.  Eq.  (8)  may  be 
regarded  as  the  Ohm’s  law  in  the  perpendicular  direction. 

Local  current  ambipolarity  (LCA)  is  not  fulfilled  everywhere  within  the  plasma  domain,  even  for  a  globally 
current- free  plume.8  This  idea  stands  out  from  Eq.  (4)  when  it  is  projected  along  lj_  and  integrated  on  each 
magnetic  tube: 

dl±  (0)  _  2t vjz 
d 0  B  cos  a 

where  I±  (0)  =  /_u  +  I±e  is  the  net  current  across  the  magnetic  surface  given  by  0  =const,  between  the 
throat  (z  =  0)  and  downstream  end  sections  (z  =  zend ),  in  the  direction  of  lj_.  Ion  current  I±i  is  provided 
by  the  PIC  sub-code,  whereas  electron  I±e  stems  from  Eq.  (8)  and  the  local  density  n  (resulting  from  PIC 
calculations).  Both  of  them  (j  =  i,e)  can  be  expressed  as 

I±j  =  qj  /  nu_\_jdcr ,  (10) 

J  if} 

with  da  a  differential  area  element  of  the  magnetic  surface. 

Electrons  are  treated  as  an  isothermal  species  in  this  model.  We  emphasize  that  a  non-isothermal  model 
Te(0)  could  be  easily  considered  once  a  closure  for  the  heat  flux  is  provided  for  the  energy  equation.  In  order 
to  facilitate  the  comparison  of  the  results  with  DIMAGNO,  ionization  mechanisms  are  also  switched  off. 


27Tjb 


B  cos  a 


(9) 


(6) 

(7) 

(8) 
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IV.  Upstream  Plasma  characterization 


The  focus  of  this  work  is  on  the  MN  flow  of  plasmas  generated  using  a  helicon  plasma  source.  In  this 
section  the  fluid  model  of  helicon  source  described  in  Ref.  21  is  used  to  obtain  the  radial  equilibrium  and 
plasma  fluxes  at  the  throat.  This  boundary  condition  serves  then  as  the  starting  point  of  integration  for  the 
two  codes  described  above. 

Within  the  dielectric  tube,  radial  plasma  pressure  is  balanced  by  (1)  the  force  created  by  the  external 
axial  magnetic  field  and  plasma  azimuthal  currents,  and  (2)  the  radial  ambipolar  electric  field.  The  same 
electric  field  pulls  ions  towards  the  wall  of  the  source.  The  higher  the  magnetic  field,  the  stronger  the 
magnetic  confinement  compared  to  the  electric  one,  and  the  smaller  the  plasma  losses  to  the  wall. 

The  plasma  is  accelerated  along  the  source  up  to  the  ion  sonic  velocity,  cs  =  yT^/rrq,  reached  at  the 
exit  section,  where  the  MN  throat  is  located. 

The  matching  between  source  and  MN  requires  some  additional  comments.  In  the  case  of  DIMAGNO, 
the  profile  requires  some  adaptation  as  follows:  first,  due  to  the  requirement  of  hyperbolicity  of  the  equations, 
the  initial  Mach  number  is  chosen  Mo  =  1.01,  slightly  higher  than  1.  This  introduces  a  small  error  (<  5%)  in 
continuity,  momentum  and  energy  conservation  equations.  (2)  DIMAGNO’s  collisionless  plasma  flow  must 
be  parallel  to  B  at  the  plasma  edge.  This  is  dealt  with  by  cutting  off  a  small  fraction  of  the  plasma  flow 
near  the  edge,  where  the  largest  radial  velocity  is  located.  Since  density  is  low  in  this  region,  the  amount  of 
plasma  which  is  disregarded  in  the  nozzle  simulation  of  DIMAGNO  is  negligible.  The  small  radial  velocity 
within  the  retained  plasma  is  also  neglected. 

In  the  matching  with  the  HPMN  model,  on  the  other  hand,  we  need  to  express  the  plasma  flux  using  a 
kinetic  formulation,  because  ions  are  modeled  by  a  PIC  code.  These  particles  are  injected  through  the  MN 
throat  along  the  B  direction  according  to  a  distribution  function  of  particles  velocity.  This  function  must 
retain  plasma  properties  at  the  source  exit  section  (i.e.  density  n  and  plasma  flux  nu). 

IV. A.  MN  throat  conditions 

The  chosen  source  parameters  are  listed  next:  ion  mass  6.6  •  10-26  kg  (Ar),  mass  flow  rh  =  0.1  mg/s,  tube 
radius  R  =  0.01  m  and  length  L  =  0.1  m,  plasma  temperature  Te  =  10  eV,  and  magnetic  field  intensity 
B0  =  200  G  (assumed  constant  along  the  dielectric  tube). 

For  these  values,  the  non-dimensional  ion  gyrofrequency  is  =  ReB  /  ^/\rriiTe)  ~  0.1.  The  useful 
power,  in  accordance  with  enumerated  parameters,  is  in  the  power  range  50-100  W,  so  this  study  refers  to 
the  analysis  of  a  mini-helicon  plasma  thruster  (e.g.  Ref.  4). 

Figure  la  shows  the  radial  structure  of  the  plasma  density.  Plasma  radial  velocity  is  depicted  in  lb. 
Taking  into  account  that  —  ecj)  ~  1/2 the  radial  electric  field  can  be  neglected,  except  at  the  vicinity 
of  the  plasma  edge  (inertial  layer,  which  precedes  the  Debye  sheath.  Ref.  22). 


Figure  1.  (a)  Plasma  density  at  the  MN  throat  n(r) /nr= o-  (b)  Plasma  radial  velocity  uri/cs. 

Simulations  of  the  source  indicate  that  propellant  utilization  77^,  which  relates  ion  flow  at  the  source  exit 
to  the  total  mass  flow,  is  over  92%.  Consequently,  the  flux  through  MN  throat  is  practically  fully-ionized, 
and  residual  neutral  density  is  low  enough  to  neglect  plasma  ionization  within  the  plasma  plume.  Increasing 
the  magnetic  field  up  to  600  G,  r]u  goes  up  to  99%. 
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V.  Comparison  of  results 


Figure  2  presents  2D  maps  of  the  plasma  density  in  the  MN  plume  for  both  codes.  HPMN  reproduces 
the  same  behaviour  of  DIMAGNO,  and  the  agreement  in  this  regard  is  high.  Numeric  results  obtained  using 
the  hybrid  model  also  fit  with  the  full  fluid  code  response.  Spatial  gradients  of  the  plasma  density  in  HPMN 
are  coherent  with  DIMAGNO.  The  large  radial  rarefaction  is  reproduced  by  both  hybrid  and  fluid  codes. 
Obviously,  DIMAGNO  is  still  more  accurate  because  of  its  MoC  approach. 
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Figure  2.  Plasma  density  log  10  ne  (part/m3)  DIMAGNO  (left)  and  HPMN  (right). 


The  correlation  between  plasma  density  maps  allows  to  know  beforehand  that  electric  potential,  Figure 
3,  should  exhibit  similar  results.  According  to  Eq.  (6),  electric  potential  (j)  is  equivalent  to  the  thermalized 
potential,  which  is  constant  along  each  magnetic  surface,  plus  a  correction  comparable  to  the  plasma  temper¬ 
ature  and  Inn.  The  thermalized  potential  is  the  same  in  both  models  because  it  only  depends  on  MN  throat 
conditions.  Consequently,  electric  potential  from  HPMN  agrees  with  DIMAGNO  results.  However,  a  slight 
mismatch  on  the  results  is  appreciable.  These  local  deviations  appear  as  a  consequence  of  PIC  fluctuations 
in  properties  and  interpolation  errors.  Consequently,  equipotential  surfaces  obtained  with  the  hybrid  model 
are  not  as  smoothly  defined  as  in  DIMAGNO. 


Figure  3.  Electric  potential  4>(V)  DIMAGNO  (left)  and  HPMN  (Right). 


This  is  further  manifested  by  the  potential  drop  along  the  axis  line,  relative  to  the  potential  at  the  MN 
throat,  is  about  5.5Te  at  z  =  0.3  m  as  shown  in  Figure  4.  The  tendency  in  both  models  is  almost  the  same 
from  the  MN  throat  until  z  =  0.1  m.  However,  the  loss  of  correlation  from  z  =  0.1  m  and  downstream  along 
the  plasma  plume  cannot  be  neglected.  The  numerical  behaviour  of  HPMN  downstream,  where  MN  area  is 
by  far  larger  than  that  measured  at  the  throat  section,  requires  some  comments. 

First,  in  spite  of  injecting  a  huge  number  of  macroparticles  per  cell  ( N )  at  the  MN  throat,  it  is  not 
possible  to  avoid  the  low  N  we  find  at  the  far  plume.  This  reduction  is  due  to  the  strong  rarefaction  that 
takes  place  in  the  plume,  plus  the  lack  of  ionization  processes  that  would  increase  N. 

Second,  the  reduction  of  N  induces  the  statistical  failure  of  the  weighting  algorithms  as  shown  in  Figure 
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z(m) 


Figure  4.  Left:  Electric  potential  along  axis,  DIMAGNO  (solid  line)  and  HPMN  (dashed  line).  Rigth:  Number  the 
particles  per  cell ,  N ,  according  HPMN  simulation. 


5  (right),  which  plots  the  ion  Mach  number  distribution  within  the  plasma  plume  Mi(z,r)  =  \fu2zi  +  v?rJcs. 
The  natural  response  to  the  monotonically  drop  of  the  electric  potential  0  (Figure  3)  should  be  a  continuous 
acceleration  of  charged  particles,  as  depicted  in  DIMAGNO  results,  Figure  5  (left).  In  fact,  all  ions  in  the 
PIC  simulation  are  (independently)  accelerated  along  z  positive  direction.  But  the  macroscopic  flow  velocity 
u  obtained  from  weighting  across  particles  does  not  retain  this  behaviour  because  it  is  influenced  by  the  low 
TV,  the  particle  velocity  dispersion,  and  the  numerical  density  background,  n^g. 


0  5  10  15  20  25  30  0  5  10  15  20  25  30 


z/R  z/R 

Figure  5.  Ion  Mach  number  Mi,  DIMAGNO  (left),  and  HPMN  (right). 


This  background  is  necessary  to  avoid  PIC  model  inconsistencies.  Nonetheless,  here  is  still  overly  large 
and  produces  an  undesirable  effect.  In  this  research,  the  treatment  of  n^g  has  been  improved  compared  with 
the  model  in  Ref.11  Now,  n^g  is  reduced  progressively  to  a  more  appropriate  value  according  to  the  average 
value  of  TV. 

This  upgrade  is  not  enough  to  correct  or  improve  the  weighting  algorithm  results  that  try  to  reproduce 
the  second  or  higher-order  moments  of  the  ion  distribution  function,  i.e.,  particle  flux  nu ,  momentum  flux 
and  successive  moments.  The  first-order  moment  of  the  ion  distribution  function,  necessary  to  deal  with 
the  ion  density  (i.e.  the  plasma  density),  is  not  affected  by  the  particle  velocity  dispersion,  and  has  been 
improved  thanks  to  the  new  model. 

Plasma  density  governs  the  effective  electron  collision  frequency,  ve  =  vei  =  nei?e^  which  drives  the 
electron  perpendicular  dynamics  inside  the  plasma  plume.  Rei  is  the  rate  of  electron-ion  collisions  which 
depends  on  the  plasma  temperature  and  the  Coulomb  logarithm.  In  fact,  the  diffusive  electron  transport  in 
the  plasma  plume  is  controlled  by  the  Hall  parameter  xh,  which  is  illustrated  in  Figure  6  (left).  Perpendicular 
currents,  Eq.  (10),  are  depicted  in  Figure  6  (right).  All  currents  are  zero  at  the  axis  of  symmetry.  Ie  increases 
radially  due  to  collisions,  which  permit  electrons  to  move  outward  (see  Eq.  (8)),  but  near  the  plasma  edge  it 
decreases  again  due  to  the  significant  growth  of  xh-  Magnetic  field  intensity  increases  there,  and  collisions 
decrease  at  the  same  rate  as  the  density  drop. 

Results  from  HPMN  support  the  collisionless  limit  of  DIMAGNO  as  a  good  approximation  for  large 
values  of  xh-  Both  models  present  a  similar  response  of  uoe  (Figure  7)  as  expected,  since  collisions  do  not 
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Figure  6.  Left:  Hall  parameter  xh  in  the  HPMN  simulation.  Right:  Inward-pointing  perpendicular  electric  currents 
(Amperes)  through  magnetic  surfaces  between  axis  line  and  plasma  edge  surface,  both  limits  are  indicated  by  vertical 
dashed-lines  (HPMN).  Total  current  I±  in  black,  ion  current  7*  in  blue,  electron  current  Ie  in  red.  The  ion  current  at 
the  Helicon  source  exit  section,  using  the  values  presented  in  section  IV. A,  is  0.23A. 


affect  UQe  up  to  first  order.  This  property  varies  according  to  Eq.  (7),  which  in  the  DIMAGNO  limit  only 
depends  on  the  thermalized  potential  and  the  MN  divergence. 
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Improvements  on  HPMN,  such  as  n^g  progressive  reduction,  have  allowed  a  fine  closure  of  Ie  at  the 
vicinity  of  the  plasma  edge,  Eq.  (10),  which  was  one  of  the  difficulties  encountered  in  the  previous  version. 
Near  the  plasma  edge,  large  gradients  of  some  plasma  properties  cannot  be  captured  by  the  PIC  mesh, 
producing  high  electric  fields  that  disturb  the  behaviour  of  the  PIC  subcode.  To  deal  with  this  problem  a 
finer  PIC  submesh  will  be  required  in  future  work,  to  assess  the  gentle  plasma-vacuum  edge,  increasing  by 
far,  the  computational  effort.  The  coarse  grid  of  the  PIC  subcode  near  this  region  and  its  interaction  with 
the  magnetic  frame  (electron  subcode),  using  interpolation  algorithms,  also  explain  the  unexpected  closures 
and  mismatch  of  the  perpendicular  currents. 

The  global  error  committed  at  the  MN  (HPMN  model)  can  be  estimated  in  terms  of  the  charge  conser¬ 
vation  law,  Eq.  (4).  This  error  is  lower  than  5%  for  electrons.  For  ions  it  is  lower  than  10%  and  can  be 
neglected  if  ion  charge  balance  is  carried  out  on  the  full  domain.  This  higher  error  is  attributable  to  the 
interpolation  error  between  the  PIC  mesh  and  the  magnetic  grid  at  the  plasma  edge. 

Finally,  it  is  interesting  to  compare  the  thrust  gain  due  to  the  MN.  Dimensionless  thrust  of  both  models 
is  depicted  in  Figure  8,  using  the  ion  momentum  plus  plasma  pressure  at  the  source  exit,  To,  as  the  ref¬ 
erence  value.  The  monotonic  HPMN  thrust  increase  correlates  very  well  with  the  thrust  gain  obtained  by 
DIMAGNO.  The  last  one  includes  the  contribution  of  ion  momentum  flux  and  plasma  pressure,  while  the 
thrust  computed  by  HPMN  only  takes  into  account  the  ion  momentum  flux  that  flows  through  each  z  =const 
surface.  Despite  this  difference,  HPMN  thrust  gain  is  higher  than  DIMAGNO’s.  Note  that  a  lower  thrust 
would  be  expected  in  the  HPMN  results  because  it  neglects  the  plasma  pressure  contribution.  Probably, 
this  variation  is  due  to  the  fluid-kinetic  conversion  of  the  ion  flow  injected  at  the  MN  throat,  which  might 
introduce  a  slight  error  on  plasma  momentum  conservation  law. 
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Figure  8.  Left:  MN  dimensionless  thrust  gain  F / Fq  as  a  function  of  the  MN  length  z.  Fq  is  the  ion  momentum  plus  the 
plasma  pressure  at  the  source  exit  section  (MN  throat).  Right :Ion  detachment,  black  solid  lines  depicts  the  magnetic 
stream  surfaces,  and  blue  lines  show  ions  streamlines. 


Ion  detachment  is  depicted  in  Figure  8  (right).  Ion  streamlines,  obtained  in  accordance  with  the  ion  cur¬ 
rent  density,  clearly  detach  inwards  from  the  magnetic  surfaces.  Overall,  this  result  agrees  with  DIMAGNO, 
Refs.8,13  This  behaviour  also  explains  the  increasing  ion  current  through  magnetic  surfaces  Ii  >  0  (Figure 
6  right).  Near  the  vacuum  edge,  where  density  is  lower,  ion  streamlines  should  move  closer  to  magnetic 
surfaces  to  fulfil  the  quasineutral-plasma  hypothesis. 

VI.  Conclusion 

A  comparison  between  DIMAGNO  and  HPMN  codes,  which  describe  the  plasma  flow  in  a  magnetic 
nozzle,  has  been  carried  out  in  terms  of  main  plasma  properties,  with  the  aim  to  validate  the  later  and 
correlate  results. 

The  cleanness  and  high  resolution  of  DIMAGNO,  inherent  to  the  fluid  model  and  method  of  character¬ 
istics,  is  unattainable  with  the  hybrid  code.  Despite  this  disadvantage,  some  HPMN  results,  such  as  plasma 
density,  electric  potential  or  electron  azimuthal  velocity,  agree  very  well  with  fluid  model  results.  Even  the 
thrust  gain  computed  by  HPMN  correlates  closely  with  DIMAGNO. 

The  central  advantage  of  HPMN  is  that  it  introduces  collisions  in  the  nozzle  flow,  and  thus  allows  to 
study  phenomena  not  available  in  DIMAGNO. 

Regarding  perpendicular  diffusion  and  according  to  the  case  simulated  here  (parameters  of  Sec.  IV), 
HPMN  measures  a  low  electron  conductivity  across  magnetic  surfaces.  This  result  supports  again  the 
DIMAGNO  hypothesis  of  collisionless  plasma. 

This  work  also  points  out  some  limitations  of  HPMN  to  be  overcome  in  the  future.  First,  the  failure  of 
weighting  algorithms  if  the  number  of  particles-per-cell  drops  as  a  consequence  of  the  diverging  geometry. 
Second,  the  response  of  the  PIC  subcode  is  slightly  perturbed  near  the  plasma- vacuum  edge  due  to  the  coarse 
mesh  of  the  PIC  subcode.  In  this  regard,  the  grid  should  be  refined  in  order  to  improve  overall  accuracy. 
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An  analysis  of  the  far-field  plasma  plume  generated  by  a  magnetic  nozzle  is  presented, 
covering  (1)  the  residual  forces  on  the  plasma  in  the  downstream  region,  (2)  the  ion  self- 
detachment  from  the  magnetic  field  and  free-plume  formation,  and  (3)  a  preliminary  inves¬ 
tigation  of  secondary  physical  mechanisms  that  affect  the  plasma  jet.  This  study  is  based 
on  an  extended  version  of  our  DIMAGNO  code  that  allows  simulation  beyond  the  magnetic 
nozzle  turning  point.  Results  for  different  magnetization  degrees  show  that  ions  naturally 
detach  from  the  magnetic  field  and  that  the  bulk  of  the  plasma  does  not  turn  back  along 
the  magnetic  field,  supporting  the  viability  of  these  devices  for  plasma  propulsion. 

I.  Introduction 

A  magnetic  nozzle  (MN),  consisting  of  an  applied  convergent- divergent  axysimmetric  magnetic  field,  con¬ 
stitutes  the  main  acceleration  stage  of  several  advanced  plasma  propulsion  concepts.  Illustrative  examples 
are  the  Helicon  thruster,1-4  the  applied-field  MPD  thruster5,6  and  the  Variable  Specific  Impulse  Magne¬ 
toplasma  rocket  (VASIMIR).7  The  purpose  of  the  MN  is  to  harness  and  control  the  expansion  of  the  hot 
plasma  in  order  to  deliver  a  high-velocity,  efficient  plasma  beam,  while  keeping  plasma-wall  contact  to  a 
minimum.  The  plasma  acceleration  through  the  nozzle  results  in  a  magnetic  reaction  force  on  the  magnetic 
circuit  of  the  device,  producing  thrust.8  An  additional  possible  advantage  of  MNs  is  their  ability  to  tailor 
thrust  and  specific  impulse  in-flight  to  different  mission  requirements  by  changing  the  geometry  and  intensity 
of  the  applied  field. 

The  plasma  in  a  MN  can  be  roughly  divided  into  two  zones:  in  the  acceleration  region  (or  near- field), 
the  supersonic  plasma  expansion  is  dominated  by  the  interplay  between  pressure  and  magnetic  forces.  The 
largest  fraction  of  thrust  is  generated  here.  In  the  detachment  region  (or  far-field),  most  of  the  internal 
energy  of  the  plasma  has  been  already  converted  into  directed  kinetic  energy,  and  its  evolution  is  subject  to 
the  residual  pressure,  magnetic  and  electric  fields.  At  this  point,  the  plasma  needs  to  detach  itself  from  the 
imposed  magnetic  field  to  form  a  free  plume.  Failure  to  do  so  would  result  in  a  substantial  amount  of  plasma 
turning  around  along  the  magnetic  lines  and  coming  back  to  the  spacecraft,  ruining  efficiency,  attacking 
sensitive  surfaces,  and  polluting  the  environment  of  the  payload. 

Modeling  and  simulation  of  the  different  processes  in  these  two  regions  is  fundamental  for  a  good  under¬ 
standing  of  the  physics  behind  the  MN,  and  an  essential  step  towards  the  design  and  optimization  of  a  real 
device.  We  have  recently  studied  the  acceleration  region  of  the  MN  with  the  aid  of  our  DIMAGNO  code, 
a  two-fluid,  two-dimensional  code  of  the  partially  magnetized,  collisionless  plasma  flow.8  The  influence  of 
ion  magnetization  and  field  geometry,  the  acceleration  mechanisms,  the  formation  of  longitudinal  electric 
currents  and  the  propulsive  performances  were  investigated.  Subsequently,  a  critical  review  of  detachment 
theories  based  on  plasma-induced  magnetic  field,  plasma  resistivity,  and  electron  inertia  was  undertaken.9-12 

At  this  stage,  characterization  of  the  far-region  becomes  necessary  for  a  proper  assessment  of  the  de¬ 
tachment  processes  in  the  MN.  This  article  presents  a  preliminary  study  of  the  MN  far-field,  limited  to 
a  low-/?,  quasineutral,  collisionless  plasma.  To  this  end,  DIMAGNO  has  been  extended  to  allow  the  sim¬ 
ulation  beyond  the  turning-point  of  the  outermost  magnetic  streamtube  containing  plasma,  i.e.  the  MN 
edge,  hence  facilitating  the  study  of  the  plasma  far  into  the  downstream  region.  The  paper  is  structured  as 
follows.  Section  II  briefly  highlights  the  main  characteristics  of  the  updated  DIMAGNO  model.  Sections 
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Ill  to  V  pursue  the  three-fold  objectives  of  this  paper:  first,  we  analyze  the  characteristics  and  balance  of 
the  residual  forces  in  the  far-held  (section  III).  Second,  we  assess  the  detachment  and  performances  of  the 
produced  plasma  plume  (section  IV).  Third,  we  quantify  the  relevance  of  secondary  effects  not  included  in 
the  model  using  a  perturbation  approach  (section  V),  which  will  provide  a  valuable  indication  of  the  validity 
of  the  current  model  and  the  necessary  extensions  for  a  detailed  analysis.  Finally,  conclusions  and  concepts 
requiring  further  work  are  gathered  in  section  VI. 


II.  DIMAGNO  model  and  extension  of  the  code 


DIMAGNO’s  two-fluid  model  describes  the  steady- state  how  of  a  fully  ionized  plasma  in  a  MN.  A  brief 
overview  of  its  main  aspects  is  given  below.  For  a  detailed  description  of  the  model,  its  equations  and  the 
integration  procedure,  the  reader  is  directed  to  our  previous  articles.8,9, 13  The  notation  followed  in  this 
paper  is  the  same  as  the  one  therein. 

The  general  equation  of  motion  for  a  simply-charged  species  j  in  a  magnetic  held  B  is 


nrijUj  ( Uj  •  V)  Uj  =  —V  •  V  +  qjUj  (— V0  +  Uj  x  B)  +  Rj, 


(i) 


where  V  is  the  pressure  tensor,  and  Rj  =  ±mevei(ui  —  ue )  the  corresponding  resistive  term  for  each  species 
(minus  sign  for  ions,  plus  for  electrons).  Under  the  hypotheses  of  (1)  quasineutral  (n^  =  ne  =  n),  collisionless 
plasma,  (2)  fully-magnetized,  isothermal  electrons  of  negligible  inertia,  and  (3)  cold  ions,  the  longitudinal 
and  azimuthal  ion  equations  of  motion  can  be  written  as 


nrii 


-eV0  +  euoiB  lj_, 


(2) 


rriirugi  +  eip  =  Di  ( fa ) ,  (3) 

whereas  the  longitudinal  electron  equation  is: 


0  =  —  TeV  Inn  +  eV0  —  euoeB  lj_. 


(4) 


Note  that  a  collisionless,  electron-magnetized  how  is  a  requisite  for  proper  magnetic  conhnement  and  thus  for 
an  efficiently  designed  MN  thruster.  In  these  expressions,  pi  and  tq  are  the  meridional  curvature  radius  and 
velocity  of  ions,  0  is  the  magnetic  streamfunction,  and  Di  is  a  property  of  the  ion  streamtube,  known  from 
the  initial  how  conditions.  Here,  1| q,  1  ±i  and  ly,  lj_  are  meridional  unit  vectors  parallel  and  perpendicular 
to  ion  and  magnetic  streamtubes,  respectively.  Full  electron  magnetization  implies  ue  =  hel||  +  UQe 1#,  and 
requires  dropping  the  azimuthal  electron  equation  (which  can  be  used  to  calculate  u±e  as  a  correction9,12). 
A  consequence  of  this  is  electron  isorotation,8  i.e.,  UQe/r  =  wqg  (-0). 

Equations  (2)-(4)  plus  the  relevant  continuity  equations  (not  shown  here)  constitute  a  hyperbolic  set 
for  the  supersonic  plasma  how  that  is  integrated  from  an  initial  section  using  the  method  of  characteristics 
(MoC).8, 14  This  approach  endows  DIMAGNO  with  high  accuracy  and  speed.  The  magnetic  held  is  calculated 
analytically  for  any  distribution  of  current  loops.  For  moderate  plasma- f3  cases,  the  plasma-induced  magnetic 
held  Bp  (which  would  make  the  system  elliptic)  can  also  be  taken  into  account  with  a  simple  iterative 
process,11  by  taking  B  =  Ba  +  Bp ,  with  Ba  the  externally-applied  held. 

DIMAGNO’s  algorithm  has  been  rewritten  to  perform  the  integration  in  the  intrinsic  coordinates  of 
the  ion  trajectories,  instead  of  propagating  the  characteristic  lines  in  the  cylindrical  coordinates  with  z  as 
the  parameter.  This  improvement  permits  to  integrate  around  and  beyond  the  turning  point  of  the  MN, 
which  was  previously  infeasible  when  characteristic  lines  became  vertical.  Additionally,  this  upgrade  has 
proven  to  enhance  integration  speed  and  accuracy,  which  is  measured  as  the  error  in  conservation  of  total 
ion  momentum  and  energy. 

The  resulting  model  depends  on  the  magnetic  held  intensity  and  geometry,  and  the  plasma  conditions 
at  the  magnetic  throat  (z  =  0  and  0  <  r  <  R).  For  the  sake  of  simplicity,  the  held  generated  by  a  simple 
current  loop  of  radius  Rl  =  3.5 R,  located  at  z  =  0,  will  conform  the  MN  here.  The  resulting  MN  has  a 
mild  divergence  as  depicted  in  Figure  1,  and  a  turning  point  located  at  ( z/R,r/R )  ~  (16,23).  The  current 
analysis  focuses  on  MN  hows  with  a  simple  initial  density  prohle  (the  one  expected  to  result  from  a  helicon 
source15),  low  plasma- (i.e.,  negligible  plasma- induced  magnetic  held),  negligible  initial  ion  rotation  ,  and 
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Figure  1.  Normalized  magnetic  field  B / Bq  (logarithmic  scale)  for  the  single  current  loop  of  radius  Rl  —  3.5 R.  The 
plasma  is  injected  sonically  at  the  nozzle  throat  (z  =  0,  r  <  R).  Selected  magnetic  lines  have  been  plotted.  The  thicker 
line  denotes  the  last  plasma  streamline  in  the  model.  The  turning  point  of  the  MN  has  been  denoted  with  a  red  dot. 


different  degrees  of  ion  magnetization.  The  flow  is  then  completely  defined  given  the  plasma  properties  at 
the  throat: 

Ui  ( r )  =  Me  (r)  =  M0cs,  <j>  ( r )  =  uei  (r)  =  0, 

n  (r)  =  n0  Jq  ( ar/R ) ,  u8e  =  ~  [Te/  ( eB)]d\nn/dr 

where  we  will  choose  Mq  =  1.01  to  ensure  hyperbolicity  in  the  whole  divergent  domain,  and  a  =  0.99ao 
(where  ao  =  2.405  is  the  first  zero  of  the  Bessel  function  of  the  first  kind  Jo)-  Non-dimensional  variables 
are  obtained  by  normalizing  with  e,  ra*,  Te,  no  and  R ,  and  are  denoted  with  a  hat  (e.g.  U{  —  y/ rrii/TeUi ). 
The  intensity  of  the  magnetic  field  is  characterized  by  the  non-dimensional  ion  gyrofrequency  at  the  origin, 
&io  =  eJ>  (0,  0)  R/y/rriiTe.  A  low  magnetization  case  (simulation  1,  with  =  0.1)  and  a  high  magnetization 
case  (simulation  2,  with  f^o  =  100  )  will  be  used  in  the  discussions  of  the  following  sections.  The  low  ion 
magnetization  case  yields  in  practice  the  unmagnetized-ion  solution.  These  two  simulations  cover  most  of 
the  spectrum  of  envisaged  applications  (see  tables  1  and  2). 


TOj,  Kg 

10-27-10-25  (H-Xe) 

Bo,  G 

200-10000 

Te,eV 

5-50 

CO 
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£ 

1016-102° 

R.  m 

0.01-0.1 

Table  1.  Typical  range  of  main  MN  parameters,  encompassing  the  wide  spectrum  of  expected  propulsion  applications. 
As  an  example,  the  helicon  thruster  of  Ref.  2,  operating  on  Argon  or  Nitrogen,  has  Bo  —  1000  G,  Te  =  20  eV,  no  —  7  ■  1018 
m  3 ,  and  R  —  0.01  m. 
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Table  2.  Minimal  and  maximal  values  of  the  non-dimensional  plasma  parameters  at  the  magnetic  throat,  based  on 
the  expected  ranges  of  operation  of  table  1:  ion  gyrofrequency  fho  =  eBoR/ y/miTe\  plasma  beta  (3o  =  /xonoTe/Rg;  Hall 
parameter  xho  —  ^eo/^eio?  electron  Larmor  radius  ie o  =  y/meTe/ (eBoR)’,  and  Debye  length  Xno  —  Jeo^e/  (no e2) / R.  The 

large  ratio  of  the  parameter  mj/me  is  1837  for  Hydrogen  and  239327  for  Xenon. 
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III.  Far-field  force  balance 


The  far-field  plasma  expansion  is  presented  in  Figure  2,  where  it  is  seen  that  density  decreases  by  several 
orders  of  magnitude  after  the  plasma  passes  the  turning  point  (marked  in  red  in  Figure  1).  Interestingly,  the 
largest  decrease  takes  place  in  the  peripheral  plasma.  Both  simulations  yield  very  similar  results,  suggesting 
that  magnetization  has  little  influence  in  the  considered  range. 


Figure  2.  Normalized  plasma  density  n/n o  (logarithmic  scale)  in  the  far-field  plume  and  beyond  the  turning  point  of  the 
magnetic  field.  Magnetic  tubes  have  been  indicated  in  dashed  lines.  Left:  low  magnetization;  right:  high  magnetization. 
Density  in  the  periphery  of  the  plasma  is  higher  in  the  high-magnetization  case. 


The  forces  on  the  electron  fluid  control  the  expansion  of  the  plasma  in  the  MN.  According  to  Eq.  (4),  a 
delicate  equilibrium  forms  between  the  pressure  (— Vpe),  electric  (enV</>)  and  magnetic  (—enuoeB lj_)  forces. 
All  three  rapidly  decrease  as  the  plasma  moves  into  the  far  region,  as  can  be  anticipated  by  the  evolution 
of  density  in  Figure  2.  In  spite  of  this,  it  is  found  that  the  magnitude  of  these  forces  per  unit  particle 
roughly  remains  in  the  same  order  of  magnitude  through  the  far  plume,  decreasing  only  at  a  very  low  rate. 
Figure  3  displays  the  perpendicular  pressure  gradient  per  electron,  (dpe/d  1_l)  /n,  providing  a  sense  of  the 
magnitude  of  all  other  forces-per-particle  as  well.  Throughout  the  expansion,  perpendicular  pressure  always 
acts  in  the  outward  direction,  i.e.,  dpe/dl±  >  0,  and  hence  electric  and  magnetic  confinement  keeps  the 
plasma  away  from  the  thruster  (even  after  the  turning  point).  In  the  parallel  direction,  however,  pressure 
is  only  counteracted  by  the  electrostatic  forces.  The  resulting  ambipolar  electric  field,  which  couples  ion 
and  electron  motion,  simultaneously  accelerates  ions.  Dashed  lines  in  these  plots  denote  the  curves  where 
dpe/dz  =  0  and  dpe/dr  =  0.  They  help  identify  the  regions  of  the  plasma  where  the  plasma  pressure  acts 
in  the  z  >  0,  r  >  0  direction  (region  under  curve  (a)),  in  the  z  <  0,  r  >  0  direction  (region  between  both 
curves),  and  in  the  z  <  0,  r  <  0  direction  (to  the  left  of  curve  ( b )).  Visibly,  magnetization  degree  has  only  a 
small  influence  on  them  in  the  range  under  study. 

The  competition  between  electric  and  magnetic  forces  to  confine  the  perpendicular  pressure  defines  the 
character  of  the  expansion.  Figure  4  presents  the  perpendicular  magnetic-to-pressure  force  ratio  for  the 
low  and  high  magnetization  cases.  While  initially  only  B  confines  the  plasma,  perpendicular  electric  fields 
gradually  develop  and  these  gain  importance  until  they  eventually  dominate  the  magnetic  force.  The  larger 
magnetization  in  simulation  2  results  in  a  larger  region  of  dominance  of  magnetic  forces  that  extends  well 
into  the  downstream  region.  This  is  a  consequence  of  ions  requiring  less  E±i  field  to  expand  according  to 
the  geometry  of  the  MN,  as  the  perpendicular  magnetic  force  on  ions  increases  the  higher  is  (see  section 
IV  below).  Nevertheless,  in  all  cases  electric  confinement  progressively  gains  in  importance  in  the  far-field. 
This  natural  evolution  of  the  force  ratio  illustrates  the  smooth  transition  from  a  magnetized  plasma  to  a  free 
plume,  where  the  external  magnetic  interaction  must  ultimately  become  negligible. 

Regarding  the  collective  behavior  of  ions  and  electrons,  the  model  shows  that  the  residual  longitudinal 
magnetic  force  on  the  plasma  (which  is  the  only  external  force  in  the  MN),  albeit  small,  is  still  beneficial. 
This  force  continues  to  confine  the  plasma  locally  in  the  far-field,  pushing  it  away  from  the  thruster  even 
beyond  the  turning  point  and  hence  contributing  (minimally)  to  thrust.  Assuming  Br  >  0  in  (z,  r)  >  0 
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Figure  3.  Non-dimensional  pressure  force  per  unit  particle  in  the  perpendicular  direction,  (dpe/dl±)  /n  (logarithmic 
scale).  The  lines  of  dpe/dz  =  0  (a)  and  dpe/dr  =  0  (6)  are  also  shown  in  the  figure.  Left:  low  magnetization;  right:  high 
magnetization. 
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Figure  4.  Magnetic-to-pressure  force  ratio  on  electrons  in  the  far-field,  ejoeB/  (dpe/d  1_l).  Electric  and  magnetic  per¬ 
pendicular  forces  sum  up  to  confine  the  perpendicular  pressure.  Left:  low  magnetization;  right:  high  magnetization. 


without  loss  of  generality,  the  condition  for  local  positive  thrust  is  uqi  —  uqc  <  0,  or  analogously, 


Dj  (j>i)  -  exp 

rrtir 


<  rwee  ('ll;) . 


(6) 


This  is  fulfilled  in  a  cylindrical  hot  plasma  in  equilibrium  (as  those  expected  at  the  MN  throat  in  propulsive 
applications),  independently  of  the  initial  rotation  of  ions,  since  the  combined  magnetic  force  on  ions  and 
electrons  needs  to  confine  the  existing  pressure.  Expression  (6)  helps  find  regions  of  the  MN,  if  any,  where 
the  magnetic  force  can  reverse,  i.e.,  act  to  expand  and  decelerate  the  plasma.  Interestingly,  this  inversion 
does  not  take  place  in  the  studied  hot  plasmas  in  the  region  of  analysis,  not  even  in  the  simulation  with 
Clio  =  100  (representative  of  a  practical  high-limit  case  with  high  uqi  and  low  UQe).  In  conclusion,  the 
residual  magnetic  field  in  the  plume  should  not  be  regarded  as  detrimental,  for  its  absence  would  result  in 
less  confinement,  and  consequently,  a  more  divergent  plume.  Therefore,  the  lack  of  magnetic  detachment,  in 
the  sense  of  liberating  the  plasma  from  the  external  magnetic  field,  constitutes  a  problem  only  when/where 

U0i  -  U0e  >  0. 


IV.  Ion  self-detachment  and  nozzle  performance 

The  motion  of  ions  responds  to  the  geometry  of  the  applied  field  and  the  magnetized  electron  dynamics, 
as  it  adapts  to  fulfill  quasineutrality  in  the  plasma  domain.  When  the  (small)  centrifugal  term  in  u2ei  is 
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neglected,  Eq.  (2)  indicates  that  longitudinal  ion  trajectory  curvature  radius  pi  results  from  a  combination 
of  electric  (eE±i)  and  magnetic  (euoiB^)  forces  on  the  ions.  A  perpendicular  electric  field  develops  when  ion 
magnetization  is  insufficient  by  itself  to  deflect  the  ion  trajectories  as  commanded  by  the  MN.  Clearly,  the 
high-magnetization  case  requires  much  lower  perpendicular  fields  in  order  to  accomplish  the  ion  expansion 
(see  Figure  4).  From  Eq.  (2),  we  find  that 


pi  ~  rriiUi  (eE±i  +  eueiB p) 


-1 


(7) 


which  highlights  the  rapid  growth  of  pi  in  the  far-field  as  iq  increases  (see  Figure  5),  and  both  the  electric  and 
magnetic  fields  decrease.  This  expression  predicts  an  eventual  transition  to  almost  conical  ion  streamtubes, 
which  gradually  separate  from  their  initial  magnetic  tubes.  This  trend  is  observed  in  Figure  5,  which  shows 
the  ion  and  magnetic  streamlines,  and  ion  velocity  in  the  background.  It  is  clear  that  most  of  the  ion  flow 
does  not  turn  around  with  the  field. 

Additionally,  the  perpendicular  electric  field  required  for  the  deflection  is  associated  to  a  large  perpen¬ 
dicular  rarefaction,  as  was  seen  in  Figure  2.  This  behavior  is  beneficial,  as  the  bulk  of  the  plasma  remains  in 
the  core  of  the  plume  and  hence  radial  losses  are  kept  small.  Only  a  tiny  fraction  of  the  peripheral  ions  are 
required  to  expand  beyond  the  turning  point  in  order  to  fulfill  quasineutrality  in  this  region.  This  separation 
of  ions  from  the  field  can  be  termed  ion  self- detachment,  and  facilitates  the  formation  of  a  free  plume. 


Figure  5.  Ion  (solid)  and  magnetic  (dashed)  streamtubes  for  both  simulations.  Each  pair  of  lines  initially  coincide  at  the 
nozzle  throat.  The  tubes  of  99%  mass  flow  and  initially-coincident  magnetic  tubes  are  shown  as  thicker  lines.  Normalized 
ion  velocity  ui/uio  (coincident  with  Mach  number  M  in  this  isothermal  plasmas)  is  plotted  on  the  background.  Left: 
low  magnetization;  right:  high  magnetization. 


Magnetization  is  a  key  parameter  to  the  final  angle  of  ion  trajectories  and  to  the  amount  of  coming-back 
plasma,  as  observed  in  Figure  5.  Ions  remain  attached  to  the  field  roughly  until  ~  1.  However,  the  fast 
decrease  of  (f^/f^o  =  B/Bq,  which  is  plotted  on  Figure  1)  means  that,  even  for  the  high  magnetization 
simulation  with  f^o  =  100,  this  occurs  already  before  z/R  ~  20.  Hence,  a  much  higher  Clio  is  needed  to  keep 
ions  magnetized  beyond  the  turning  point  (f^o  >  103).  This  explains  the  slow  increase  of  ion  attachment 
with  initial  magnetization,  and  incidentally,  also  the  small  differences  of  n  and  other  variables  between  each 
simulation. 

It  must  be  noted  that  the  loss  of  a  small  fraction  of  the  jet  due  to  back-flowing  is  not  unique  to  MNs. 
This  phenomenon  is  common  and  inherent  to  any  jet  propulsion  system  in  vacuum,  since  a  fan-expansion 
forms  at  the  exit  of  the  thruster  to  fill  the  surrounding  space  and  a  insignificant  amount  of  propellant 
expands  backwards.14  The  particularity  of  MNs  is  that  they  lack  the  well-defined  “end”  that  their  solid 
counterparts  have,  making  it  difficult  to  assign  them  a  clear  value  of  the  thrust  gain  and  other  performance 
figures,  while  in  solid  nozzles  these  can  be  evaluated  at  the  exit  section.  These  losses  are  acceptable  when 
they  constitute  a  negligible  fraction  of  the  plume  flux.  In  consequence,  a  sensible  approach  to  study  the 
propulsive  performances  of  a  MN  flow  is  to  focus  on  the  bulk  of  the  plume  (e.g.,  the  ion  tube  containing 
99%  of  the  ion  flux)  and  neglecting  the  plasma  outside  of  it.  Figure  6  presents  thrust  and  plume  efficiency 
of  the  plasma  contained  within  the  99%  ion  mass  flow  tube,  resp.  F99%  and  %,/ume,99% •  These  are  defined 
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Figure  6.  Evolution  of  thrust  and  plume  efficiency  of  the  plasma  contained  in  the  99%  mass  flux  tube  for  the  low  and 
high  magnetization  cases.  The  lines  are  plotted  against  r99% ,  radius  of  this  tube. 


^99%  (^)/^99%(0)  rjpi  ume, 99%  \Z) 


as  integrals  on  z  =  const  sections  from  the  axis  to  r  =  r99%  (z),  the  radius  of  the  99%-flux  tube, 


rr99%(z) 

99%  (z)  =  277/  nr  (miU2zi  +  Te)  dr, 

Jo 


^ Iplume , 


99%  (z) 


jr99%(z)  ^  ^r 

jr99%(z)  nr  (miU2Uzi)  dr 


(8) 


and  can  be  calculated  at  any  z  (as  long  as  the  99%  mass  flux  line  does  not  turn  around).  These  plots  indicate 
that  a  higher  leads  to  worse  MN  performances,  in  agreement  with  Ref.  8,  and  also  suggest  that  the  rate 
of  variation  of  these  values  progressively  decreases  downstream,  where  both  thrust  and  efficiency  become 
almost  constant  (apparently  approaching  free  plume  values). 


V.  Other  far-field  phenomena  and  model  validity 

Apart  from  the  dominant  forces  described  in  section  III,  a  number  of  additional  physical  effects  are 
present  in  the  plasma,  but  have  been  neglected  in  the  model.  Although  these  effects  are  negligibly  small 
in  the  near-field  of  an  efficient  MN,  their  role  may  gain  importance  or  even  dominate  the  expansion  in  the 
far-field  as  the  ordering  of  terms  changes  in  the  plasma  equations.  A  careful  look  is  required  in  order  to 
assess  the  range  of  validity  of  the  model,  find  out  which  hypotheses  are  likely  to  break  first,  and  improve  our 
understanding  of  how  plasma  evolves  in  the  plume. 

This  section  aims  to  explore  the  significance  of  the  following  phenomena  in  the  downstream  region:  (1) 
the  plasma-induced  magnetic  field,  (2)  ion-electron  collisions,  (3)  electron  finite  Larmor  radius  (FLR)  effects 
and  (4)  non-neutral  effects.  The  approach  followed  here  is  to  analyze  the  magnitude  of  these  effects  as  a 
perturbation  to  the  solution  of  the  ideal  model  of  section  II.  The  forces  of  all  these  effects  are  essentially 
plasma  internal  interactions,  and  as  such  they  can  alter  the  plasma  flow  but  do  not  directly  participate  in 
thrust  generation.  The  interaction  between  plasma  azimuthal  currents  and  the  applied  field  is  still  the  only 
externally  applied  force  and  the  only  source  of  thrust  in  the  MN.8  In  addition  to  the  enumerated  effects, 
others  such  as  the  presence  of  ambient  particles  or  background  fields  could  also  affect  the  plume,  but  these 
will  not  be  discussed  here. 

The  plasma- induced  magnetic  field  Bp  created  by  the  azimuthal  currents  was  studied  in  Ref.  11  in  the 
near-field  of  a  medium-,#  plasma.  There,  it  is  shown  that  the  relevant  parameter  for  the  quantification  of 
Bp/Ba  is  the  local  beta  (3  =  hqti/B 2,  which  has  been  plotted  in  Figure  7  for  simulation  1  based  on  the 
solution  of  the  ideal  model.  Notice  that  the  ratio  behaves  alike  in  both  simulations  due  to  the  similar 
distribution  of  density  n  in  the  far-field.  This  figure  indicates  that  induced  field  effects  progressively  and 
monotonically  become  more  important  in  the  far-field  in  the  bulk  of  the  plasma,  since  n  decreases  slower 
than  B2  there.  This  means  that,  eventually,  a  region  of  f3  =  1  will  occur  downstream,  and  Bp  will  dominate 
in  the  plume  thereafter.  The  induced  magnetic  field  affects  mainly  the  core  of  the  plasma  (denser),  while 
leaving  the  peripheral  plasma  near  the  MN  edge  essentially  unaffected.  The  tendency  of  Bp  (diamagnetic 
character  with  respect  to  Ba)  is  to  expel  the  field  out  of  the  plasma  domain.  Our  preliminary  analysis  of 
Bp  (Ref.  11)  showed  that  this  increases  the  divergence  rate  of  the  nozzle,  and  can  give  rise  to  magnetic 
separatrices  and  field-reversed  configurations  in  the  plume.  A  detailed  study  of  these  possibilities  will  be 
object  of  future  work. 
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Figure  7.  Relative  plasma  beta  (3  in  the  MN  (logarithmic  scale;  based  on  the  unperturbed  solution),  for  the  fbo  =0.1 
simulation.  The  normalization  with  respect  to  f3o  allows  to  remove  the  dependency  on  the  initial  conditions.  This  figure 
is  essentially  the  same  in  the  fho  —  100  case,  as  density  behaves  similarly  in  both  (see  Figure  2).  The  expected  range  of 
values  of  /3q  can  be  found  in  table  2. 


HO  ) 


Figure  8.  Relative  cross-field  electron  diffusion  velocity  due  to  collisions,  u±e/u\\e  (as  a  perturbation  to  the  ideal 
solution),  for  the  Qio  =  0.1  simulation.  The  normalization  with  fhoXfro  helps  this  figure  describe  both  simulation  cases, 
as  xh/xho  (and,  consequently,  the  value  plotted  here)  behaves  very  similarly  in  both,  xho  expected  range  can  be  found 
in  table  2. 


Collisions  can  facilitate  the  outwards  diffusion  of  electrons  across  the  B  field.9, 10  An  adequately  high  Hall 
parameter  xh  =  with  uei  oc  n/T^2,  ensures  negligible  plasma  resistivity  effects,  since  the  cross-field 

velocity  is  u±e  =  uoe/xH  (see  Eq.  (6)  of  Ref.  9).  The  Hall  parameter  xh  remains  almost  constant  in  the  core 
of  the  plume  and  increases  several  orders  of  magnitude  in  the  rarefied,  peripheral  plasma.  Note  that,  due  to 
its  dependency  on  uqg,  the  cross-field  diffusion  u±G  further  decreases  for  higher  f^o,  because  the  azimuthal 
velocity  satisfies  uqg  oc  l/O^o-  In  first  approximation,  u±e  can  be  calculated  as  a  perturbation  to  the  zeroth- 
order  solution.  The  ratio  u±e/ue — which  measures  the  local  electron-  magnetic  field  separation — is  shown  in 
Figure  8.  This  ratio  increases  slowly  downstream  for  intermediate  radial  positions  in  the  plasma,  suggesting 
that  electron  trajectories  can  ultimately  separate  outwards  from  the  magnetic  field  in  the  far  plume,  as  u±G 
becomes  more  important  due  to  collisions.  Consequently,  this  means  that  resistivity  can  eventually  break 
the  weak  residual  magnetic  confinement  in  the  far  plume. 

Electron  FLR  effects  (or  electron  inertia)  can  also  affect  the  electron  trajectories,  separating  them  from 
the  magnetic  field.  At  least  one  of  the  multiple  FLR  effects  detaches  electrons  outwards  of  the  magnetic 
field,9,10,12  thus  increasing  the  effective  nozzle  divergence  rate  in  a  similar  fashion  to  collisions.  A  small 
ratio  of  electron  Larmor  radius  (£e  =  y/Teme/  (eB))  to  electron  meridional  curvature  radius,  £e/ pG,  indicates 
proper  electron  magnetization  and  inconsequential  electron  FRL  effects.12  This  ratio  is  displayed  in  Figure  9, 
where  it  can  be  seen  that  the  largest  increase  takes  place  in  the  periphery  of  the  plume,  and  well  beyond  the 
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Figure  9.  Larmor-to-curvature  ratio  for  electrons,  £e/Pe  (logarithmic  scale).  The  plot  has  been  normalized  with  £eo 
to  remove  the  dependency  on  initial  plasma  conditions  and  field  intensity,  making  this  graph  equally  valid  for  both 
simulation  cases.  Based  on  the  full  electron  magnetization  solution,  pe  =  pg,  where  ps  —  (B / B  ■  V)  (B  /  B)  is  the  magnetic 
curvature  radius.  Table  2  contains  the  expected  range  of  values  of  £eo. 


MN  turning  point.  Consequently,  initially  well- magnetized  electrons  (i.e.,  £eo  10  2)  remain  so  in  most  of 
the  far  plume,  as  electron  FLR  effects  grow  very  slowly  in  the  downstream  direction. 
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Figure  10.  Relative  charge  density  otq.  The  factor  XD 2Q  removes  the  dependence  on  initial  conditions.  Left: 
magnetization;  right:  high  magnetization.  Table  2  contains  the  expected  range  of  values  of  Ado- 


low 


Lastly,  the  strong  rarefaction  that  takes  place  in  the  plume — and  specially  near  the  plasma  edge — can  give 
rise  to  non-neutral  phenomena,  breaking  the  hypothesis  of  quasineutrality.  Quasineutrality  was  established 
to  substitute  the  Poisson  equation, 

£OV20  =  e(ne  -  rii) ,  (9) 


with  rii  =  ne  =  n.  The  adequacy  of  this  assumption  can  be  checked  quantitatively  by  analyzing  the  relative 
charge  density  aq  =  (n*  —  ne)  /ne  that  results  from  introducing  the  potential  0  of  the  quasineutral  solution 
into  Eq.  (9), 


-  —^do 


V20 


(10) 


where  Ado  is  the  Debye  length  of  the  plasma  at  the  origin.  The  relative  space-charge  in  the  MN  is  displayed 
in  Figure  10.  Clearly,  it  is  negligible  in  most  of  the  domain  for  the  expected  application  values  of  Ado  (see 
Table  2).  However,  the  large  increment  near  the  border  of  the  plasma  jet  after  the  turning  point  suggests 
that  non-neutral  effects  can  be  important  in  this  region  and  that  the  quasineutrality  hypothesis  does  not 
hold  except  for  the  coldest,  densest  plasmas  (smaller  Ado)-  Magnetization  seems  to  play  a  little  role  on  this 
in  the  considered  range.  Non-neutral  effects  in  the  periphery  of  the  plasma  plume  will  certainly  modify  the 
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quasineutral  solution,  as  they  set  a  bound  to  the  increase  of  the  perpendicular  electric  field,  which  is  the 
responsible  of  pushing  sideways  the  ion  flow.  Therefore,  they  are  expected  to  further  enhance  ion  detachment 
from  the  magnetic  field.  A  detailed  study  is  needed  to  clarify  the  consequences  of  the  non- neutral  region. 

As  a  final  comment  to  this  section,  electron  cooling  (not  contemplated  in  the  current  model  due  to  the 
lack  of  information  on  the  evolution  of  the  electron  energy  distribution  function,  and  at  any  rate  expected 
to  be  small — see  for  instance  Ref.  16)  would  contribute  to  reduce  the  plasma  beta  /?,  slightly  increase  the 
collision  frequency  z^,  and  reduce  electron  Larmor  radius  fe.  Additionally,  the  discussed  mechanisms  can 
interact  with  each  other.  For  instance,  the  induced  magnetic  field  Bp  tends  to  counteract  the  applied 
magnetic  field  Bai  thus  resulting  in  a  lower  effective  magnetic  field,  a  lower  Hall  parameter  xh,  and  hence 
a  more  important  role  of  collisions. 

VI.  Conclusions  and  future  work 

An  analysis  of  the  far-field  plasma  plume  of  a  magnetic  nozzle  has  been  carried  out,  covering  the  expected 
application  range  of  ion  magnetization.  The  balance  of  residual  forces,  the  gradual  detachment  of  ions,  and 
nozzle  performances,  have  been  studied  thanks  to  an  improved  version  of  our  DIMAGNO  code. 

Pressure,  magnetic  and  electric  forces  per  particle  are  all  comparable  in  the  far  region.  Magnetization 
strength  has  a  large  influence  on  the  extent  of  the  region  where  magnetic  forces  dominate  confinement.  As  the 
free-plume  forms,  the  confining  electric  force  gradually  gains  importance.  A  criterion  was  presented  to  assess 
whether  the  applied  magnetic  field  is  locally  beneficial  or  detrimental  for  acceleration  and  confinement  in  the 
plume.  This  condition  was  always  met  in  the  region  under  study  for  all  magnetization  degrees  considered. 

Ion  and  magnetic  streamtubes  closely  coincide  until  ~  1  roughly,  after  what  ion  tubes  separate  and 
become  almost  conical  as  fq  grows.  This  result  highlights  that  “plasma  detachment”  does  not  constitute  an 
issue  in  the  operation  of  a  magnetic  nozzle,  as  the  bulk  of  the  plasma  naturally  separates  and  forms  a  free 
plume.  Indeed,  only  a  negligible  amount  of  plasma  (<  1%)  turns  around  along  the  magnetic  lines  in  the 
studied  cases. 

Additionally,  a  preliminary  investigation  of  secondary  physical  mechanisms  in  the  far  plume  has  been 
performed  using  a  perturbation  approach.  The  region  of  validity  of  each  model  hypothesis  has  been  discussed 
based  on  the  throat  value  of  certain  parameters.  The  rapid  increase  in  plasma  beta  f3  suggests  that  induced 
magnetic  field  will  likely  be  the  first  effect  to  modify  the  solution  in  the  expected  operation  regimes.  The 
demagnetization  that  ensues  can  enhance  other  secondary  effects  such  as  collisions  and  electron  inertia.  Also, 
we  have  argued  that  quasineutrality  may  not  be  met  at  the  plasma  edge  beyond  the  nozzle  turning  point. 

A  more  detailed  study  of  these  effects  must  follow  to  ascertain  these  results,  to  better  understand  their 
role  in  the  plume  formation,  and  to  preclude  any  negative  interaction  among  them.  Other  phenomena  that 
have  to  be  carefully  examined  as  well  are  the  influence  of  ambient  plasma  and  background  fields,  and  the 
evolution  of  the  electron  energy  distribution  function.  Our  group  is  currently  developing  a  hybrid  PIC/fluid 
code  named  HPMN  for  the  advanced  simulation  of  collisional  magnetic  nozzle  flows,17  which  is  proving  to 
be  a  valuable  tool  to  investigate  these  aspects. 

In  summary,  all  results  support  the  applicability  of  magnetic  nozzles  to  space  propulsion  as  an  efficient 
mechanism  for  plasma  acceleration  and  collimated  plume  formation  thanks  to  the  self- detachment  of  ions. 
Furthermore,  the  magnetic  field  should  be  kept  to  a  minimum  while  complying  with  all  other  requirements 
for  proper  operation,  in  order  to  reduce  the  free-plume  divergence  angle  and  to  improve  overall  performance. 
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A  helicon  thruster  consists  of  a  cylindrical  helicon  source,  where  the  plasma  is  generated 
and  heated,  and  a  magnetic  nozzle,  where  the  plasma  beam  is  accelerated  supersonically. 

Two  dimensional  models  of  the  plasma  flow  inside  the  source  and  in  the  external  magnetic 
nozzle  are  derived,  for  a  known  amount  of  absorbed  power  from  rf  waves.  2D  plasma 
structure  and  response  inside  the  source  are  described,  comprising  the  processes  of  neutral 
depletion,  losses  to  chamber  walls,  and  backward  and  forward  flows.  Conditions  for  high 
propellant  utilization  and  high  current  efficiency  are  determined.  The  matching  with  the 
magnetic  nozzle  model  yields  the  overall  characterization  of  helicon  thruster  performances 
in  terms  of  power,  thrust  and  efficiency. 

I.  Introduction 

Research  in  the  helicon  plasma  thruster  (HPT)  carried  out  during  last  years  suggests  this  kind  of  thruster 
as  a  candidate  to  gain  a  share  in  space  propulsion.  Different  prototypes  have  been  tested  [1-4].  Opportunities 
in  this  challenge  remain  largely  on  the  thrust  efficiency  figure.  Recent  studies  [5,6]  have  measured  the  thrust 
of  a  low  magnetic  field  HPT,  obtaining  a  thrust  efficiency  below  5%.  However,  other  authors  [2,  3]  claim 
that  good  thrust  efficiency  can  be  achieved.  The  possibility  of  operating  with  different  propellants  and  the 
lack  of  electrodes  are  other  valuable  assets  of  the  HPT.  Otherwise,  the  complexity  of  the  physics  involved, 
plasma-wave  interaction  coupled  with  the  flow  dynamics  of  the  magnetized  plasma,  has  forced,  so  far,  to 
analyze  separately  each  physical  process  within  the  HPT. 

Summarily,  a  helicon  thruster,  Fig.  1,  can  be  divided  into  two  parts:  (i)  the  helicon  source  where  plasma 
is  produced  (purple  coloured)  and  (ii)  the  magnetic  nozzle  (MN)  in  which  plasma  is  guided  and  accelerated 
(blue  coloured).  In  the  sketch  and  in  the  simulations  presented  later,  a  Maxwell  coil  set  is  used  to  generate 
the  magnetic  field  in  the  source  and  in  the  MN.  This  kind  of  coils  arrangement  produces  an  almost  constant 
(V  |B|  0)  axial  magnetic  field  along  the  dielectric  tube  (light  green),  that  diverges  smoothly  downstream, 

forming  the  MN. 

/ 
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ce 
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Figure  1.  Helicon  thruster  sketch  (left)  and  splitting  into  source  and  nozzle  (right),  labelling  each  part  or 
main  dimensions. 


Inside  the  source,  the  plasma  is  quasineutral  except  at  Debye  sheaths,  AB  and  QW,  attached  to  the 
rear  and  lateral  walls,  respectively.  At  the  source  exit  section  E  the  plasma  is  assumed  to  flow  sonically. 
Source  and  whole  thruster  efficiencies  depend  on  the  ionization  degree  reached  inside  the  source.  Along  the 
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MN,  from  E  until  collecting  plate  P,  the  plasma  beam  is  accelerated  supersonically.  As  discussed  later,  the 
helicon  thruster  power  balance,  under  the  isothermal  plasma  hypothesis,  requires  to  consider  the  whole  cloud 
of  confined  electrons.  For  this  reason  and  lacking  a  plasma  detachment  model,  the  conductive  plate  P  has 
been  included  to  close  downstream  the  problem;  a  Debye  sheath  DP  develops  at  the  plate. 

It  is  suitable  to  split  the  helicon  thruster  plasma  physics  in  two  mechanisms:  (i)  the  plasma- wave  inter¬ 
action  and  (ii)  the  plasma  flow  dynamics.  Regarding  the  first  mechanism,  an  external  antenna  (not  sketched 
in  Fig.  1)  is  wrapped  around  the  dielectric  tube.  This  antenna  emits  RF  waves  which  propagate  within 
the  plasma  as  helicon  waves  [7].  Thanks  to  plasma- wave  interaction  mechanisms,  electromagnetic  power  is 
absorbed  by  the  plasma  [8-10].  The  plasma- wave  interaction  process  is  not  considered  here:  we  will  just 
assume  that  the  plasma  absorbs  a  power  Pa  from  the  rf  emission.  This  work  is  devoted  exclusively  to  study 
the  plasma  flow  dynamics. 

The  previous  description  of  HPT  parts,  points  out  the  possibility  of  dividing  the  HPT  fluid  model  into 
’source’  and  ’magnetic  nozzle’  models.  Furthermore,  plasma  properties  in  each  sub-domain  are  different, 
allowing  to  assume  different  hypotheses.  First,  a  2D  axisymmetric  model  of  the  source  is  derived  following 
a  variable-separation  procedure  in  the  radial  and  the  axial  direction.  This  technique  was  applied  succesfully 
by  Ahedo  et  al.  [11]  in  a  Hall  thruster.  Fruchtman  et  al.  [12,13]  where  the  first  to  apply  it  to  a  helicon  source. 
Later,  Ahedo  [14]  introduced  several  improvements  and  modifications  in  that  model,  such  as:  a  2D  model  of 
neutral  depletion,  a  more  consistent  model  of  radial  dynamics,  an  analytic  solution  of  axial  dynamics,  and 
parametric  studies  of  source  performances. 

Fruchtman  et  al.  [12]  proposed  cleverly  that  the  relation  between  the  constant  plasma  temperature  Te  and 
the  absorbed  power  could  be  obtained  from  a  global  energy  balance.  However,  they  consider  only  the  plasma 
source  region  for  that  balance.  Here,  we  will  show  this  to  be  inconsistent:  the  whole  plasma  region  (i.e. 
source  plus  MN)  needs  to  be  considered  for  that  balance.  To  achieve  this  purpose,  the  MN  model  of  Ref.  [15] 
is  here  matched  with  the  source  at  section  E.  As  commented  before,  plasma  properties  in  the  MN  admit 
to  modify  partially  some  hypotheses.  The  MN  model  assumes  the  supersonic  expansion  of  a  collisionless, 
fully-ionized  plasma.  A  slight  mismatching  between  source  and  MN  models  might  introduce  a  discontinuity 
in  plasma  properties  at  E.  Nevertheless,  if  propellant  utilization  is  high  enough,  the  mismatching  is  small 
and  overall  performances  in  terms  of  thrust  efficiency  and  power  contributions  are  obtained. 

The  rest  of  the  paper  is  organized  as  follows.  Section  II  derives  the  helicon  source  fluid  model.  Then, 
sections  III  and  IV  provide,  respectively,  the  plasma  structure  within  the  source  and  its  performances.  The 
matching  between  the  source  and  the  MN  is  presented  in  section  V,  in  which  overall  thrust  and  power 
balances  are  carried  out.  Finally,  main  conclusions  are  summarized  in  section  VI. 

II.  Helicon  source  plasma  model 

This  model  is  basically  the  one  derived  in  Ref.  [14]  so  only  a  summary  is  presented  here.  An  axisymmetric 
plasma  is  immersed  in  an  axial  magnetic  field  B  =  B lz.  The  zero-Debye  limit  is  invoked  because  plasma 
density  is  assumed  high  enough.  Consequently,  quasineutral  plasma  ne  =  is  assumed  except  in  Debye 
sheaths.  At  the  same  time,  plasma  density  is  also  low  enough  to  assume  the  zero-beta  limit,  neglecting 
any  induced  magnetic  field.  Electrostatic  sheaths,  AB  and  WQ,  are  attached  to  the  dielectric  walls.  Bohm 
criterion  must  be  satisfied  at  sheath  edges,  B  and  Q.  At  the  rear  wall  A,  neutral  gas  rin  is  injected  and  ionized 
due  to  collisions  along  the  dielectric  tube  of  length  L  and  radius  R  <C  L. 

Continuity  and  momentum  equations,  which  describe  the  fluid-dynamic  macroscopic  behaviour  of  the 
plasma,  are  written  down  for  the  three  species:  ions  (i),  neutrals  (n)  and  electrons  (e), 


V  •  (ne ue)  =  V  •  (rqui)  =  -V  •  (ranun)  =  nennRion ,  (1) 

V  •  (jnjTij UjUj)  =  —VTjUj  —  qjnS7(j)  +  qjrij Uj  x  B  —  Sj.  (2) 

Here:  n  is  the  density;  u  is  the  velocity;  m  the  mass  of  the  particle;  T  the  temperature  of  each  specie;  q  is 
the  electric  charge;  0  is  the  ambipolar  electric  potential;  Sj  includes  momentum- transfer  collisions,  such  as 
ionization  (hereafter  ion  subscript)  and  elastic  electron-ion  (ei),  ion-neutral  (in),  and  electron-neutral  (en) 
collisions;  Ri  (/  =  ion,  ei,  in,  en)  is  the  collisional  rate  of  the  different  processes,  and  expressions  are  given  in 
Appendix  of  Ref.  [14]. 

Reference  [14]  explained  the  variable-separation  method.  The  following  hypotheses  and  conventions  are 
made:  electrons  are  isothermal;  ion  and  neutral  pressure  are  neglected;  un  =  unlz  and  nn(r,z)  =  nn(z)\ 
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there  is  local  current  ambipolarity,  j  —  jolo  =  0;  plasma  density  is  decoupled  as  n(z,r)  =  nz(z)nr(z,r),  with 
f^rnr(z,r)dr  =  R2 / 2;  the  electric  potential  is  decoupled  as  £>(z,r)  =  4>z(z)  +  <pr(z,r);  and  radial  gradients 
are  much  higher  than  axial  gradients.  These  assumptions  lead  to  define  axial  and  radial  models  coupled  only 
through  the  wall-recombination  function  Sw(z)  =  nzvw(z),  where  vw(z)  is  the  effective  frequency  of  plasma 
recombination  at  the  wall.  As  explained  later,  it  is  also  the  eigenvalue  of  the  radial  model.  Next  subsections 
present  axial  and  radial  models,  listing  equations  that  drive  the  behavior  of  the  plasma. 

A.  Axial  equations 

The  set  of  equations  that  control  the  axial  behaviour  along  the  dielectric  tube  becomes: 


nzuz  +  nnun  =  g0,  (3) 

du 

(cs  Uz )  —  (uz  'Ujn)'UjzTljn(Rin  H-  Rion)  H-  Cs{jlnRion  Vw),  (4) 

c)ti 

(cs  —  Uz)-^^-  =  —TLZ  [uz  (jlnRion  ~  ^w)  ~  ( uz  ~  un)  'Ci n  ( Rin  T  Rion)]  5  (5) 

dun 

nnun  =  nz  [unvw  (aw  -  1)  +  (uz  -  un)  nnRin } .  (6) 

oz 

Here:  go  the  mass  flux,  cs  =  yj Te/rrii  the  sonic  velocity,  aw  is  an  adjustable  parameter  that  retains  the 
momentum  loss/gain  due  to  recombination  at  the  lateral  wall.  The  set  of  equations  is  solved  for  nz,  uz,  nn 
and  un  with  the  following  boundary  conditions, 

uzB  = -cs ,  uzE  =  cs ,  unB  =  un0i  go  known;  (7) 

un o  is  the  neutral  velocity  at  section  B.  The  above  equations  yield  that  the  main  dimensionless  parameters 
that  controlling  the  axial  behavior  of  the  plasma  are 


T*  CsUno  / RionSOi  Rin/Rioni  uno/cS’)  Qtw.  (8) 

The  recombination  parameter  vwlnnRion  also  controls  the  axial  plasma  response  but  it  is  determined  by  the 
radial  model. 

An  analytical  solution  of  the  axial  is  found  invoking  the  asymptotic  limits  of  high  magnetic  confinement, 
vw/nnRion  1,  and  low  ion  collisionality,  Rin/ Rion  <  uno/cs  <C  1.  That  solution  is 

uz 

un  uno  ?  tan  4, 

Cs 

z 

A*  J-vr/4  1  -^sin2^  ’ 

with  gu  =  rhiE/rn  the  propellant  utilization,  and  £  an  auxiliary  parameter  in  the  interval  £  E  (— 7r/4, 7t/4). 


—nz  =  2gu  cos2  £,  —nn  =  1  -  rju  sin  2£,  (9) 

go  go 


R  1  -  tan2  £'  , . , 


B.  Radial  equations 

The  radial  model  was  extensively  discussed  in  Ref.  [16].  Main  equations  are 


du7 

dr 


1  d 

(rnrur)  —  nrv/w , 

r  dr 

(11) 

2  d  In  nr 

eB  me  ui  ,  ^  . 

~\~  Tln  yRin  Rion)  ^ ri 

ml  ml  r 

(12) 

Cs  dr 

due  cB 

fjr  “W  tXr 

dr  me 

r  f  ,  UqUv 

\nn\Ren  T  Rion)  T  TlRei]  ^ 8  •> 

r 

(13) 

ef  =  T'd,“"'+eBv-  m«“». 

dr  dr  r 

(14) 
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Here,  vw  is  the  eigenvalue  that  assures  the  correct  plasma  flow  balance.  Equations  are  solved  for  nr,  ur, 
uq  =  uoe,  and  0r  with  the  following  homogeneous  boundary  conditions  at  the  axis  of  symmetry, 


ur  =  uq  =  <f>r  =  In  ( nr/nr(z ,  r  —  0))  =  0. 


(15) 


Radial  integration  is  carried  out,  in  different  cross-sections  (i.e.  different  z),  from  the  axis  until  the  transition 
to  the  Debye-sheath  Q.  There,  ur  must  fulfill  the  Bohm  criterion  setting  properly  vw.  The  radial  structure 
of  the  plasma  is  divided  in  three  regions  from  the  axis  to  the  lateral  wall.  The  bulk  diffusive  quasinetural 
region,  a  thin  inertial  layer  where  finite  Larmour-radius  effects  cannot  be  neglected  and  the  Debye  sheath. 

An  analytic  solution  of  the  main,  bulk  region  also  exists.  Here,  the  asymptotic  limit  is  the  high-magnetized 
regime  uoih  ve-  Moreover,  the  effective  frequency  of  electron  collisions  ve  =  nRei  +  nnRen  +  nnRion 
must  be  assumed  radially  constant  ve  =  const.  Whereas  in  the  complete  model,  ve  varies  radially  due  to 
vei  =  nr(z,r)Rei.  This  limit  yields, 


nr(z,r)  _  /  r\  _  vewr  J\  (apr/R)  ue_  _  ur  ujih 

nr(z,  0)  \°r)  cs  a°  ufh  J0(a0r/R)J  ce  cs  ve  ’ 


(16) 


being  ao  —  2.405  the  first  zero  of  Bessel  function  Jo,  ce  =  y/ Te/me  the  thermal  electron  velocity,  and 
ujr  =  cs/R  the  radial  transient  frequency. 


III.  Plasma  structure  inside  the  source 

This  section  shows  main  results  of  the  2D  source  model  derived  above.  Axial,  radial  and  2D  plasma 
structures  are  detailed.  First  of  all,  geometric  and  operational  parameters  are  listed.  The  first  group 
includes  the  tube  length  L  =  10cm  and  its  radius  R  =  1cm.  On  the  other  hand,  operational  parameters  are 
the  mass  flow  rh  =  O.lmg/s,  the  plasma  temperature  Te  =  lOeV,  the  neutral  velocity  i£no  =  350m/s  and  the 
magnetic  field  B.  Two  cases  are  studied:  case  1  with  B  =  200G  and  case  2  with  B  =  600G.  In  both  cases, 
all  other  parameters  are  maintained  constant.  aw  =  1  is  assumed  here. 

A.  Axial  response 

Neutral  depletion,  Fig.  2(a),  is  governed  by  plasma  ionization,  z^on  oc  nnRion(Te ),  and  wall  recombination 
vw.  Higher  temperatures  and  magnetic  fields,  and  longer  tubes  improve  the  propellant  utilization  r]u.  Plasma 
density,  Fig.  2(b),  presents  a  peak  near  uz  ~  0  as  indicated  in  Fig.  2(c).  The  positive  gradient  of  the  plasma 
density  close  to  B  is  due  to  ionization;  the  negative  gradient  in  the  forward  flow  region  is  related  to  the  plasma 
acceleration.  Case  2  solution  is  almost  indistinguishable  from  the  analytical  one  (dashed  line)  because  plasma 
parameters  agree  with  asymptotic  limit  hypotheses.  Otherwise,  case  1  is  more  influenced  by  the  role  of  wall 
losses  in  the  plasma  axial  dynamics,  Fig.  3(a),  resulting  in  a  worse  correlation  with  the  ideal-analytical 
solution. 


Figure  2.  Blue  solid  line  refers  to  the  Case  1  (200G),  red  line  refers  to  Case  2  (600G).  The  dashed  line  depicts 
asymptotic  solution.  This  color-linestyle  code  is  maintained  in  all  other  figures  presented  in  this  section.  Fig. 
2(a)  depicts  neutral  depletion  nn  (ra-3).  Fig.  2(b)  plots  the  plasma  density  axial  profile  nz  (ra-3).  Plasma 
velocity  response  uz/cs  is  showed  in  Fig.  2(c). 

Effective  electron  collisions  ve,  Fig.  3(b),  which  steer  the  plasma  radial  dynamics,  decrease  along  the 
chamber,  thus  increasing  radial  magnetic  confinement.  Note  that  ve  ~  z^en(^)  near  B  and  ve  ~  vei(z,r)  near 
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E.  In  other  words,  ve  is  dominated  by  electron-neutral  collisions  near  B,  where  neutral  density  is  still  high, 
and  this  allows  to  assume  that  collisions  are  radially  constant.  On  the  other  side,  close  to  E,  electron- ion 
collisions  dominate.  Consequently,  the  hypothesis  of  radially  constant  collisions  cannot  be  assumed. 


Figure  3.  The  role  of  wall  losses  is  estimated  in  Fig.  3(a)  in  comparison  with  ionization  rate  vwl^%on-  Fig.  3(b) 
depicts  the  axial  variation  of  the  dimensionless  electron  collisions  frequency  veR/cs ,  necessary  to  estimate  the 
radial  magnetic  confinement. 


B.  Radial  response 

Fig.  4(a)  depicts  plasma  density  profiles  at  the  rear  section  B.  There,  case  2  is  in  agreement  with  the 
asymptotic  solution  proposed  by  Ref.  [16],  because  both  =  eB / y/menrii  ve  (highly-magnetized  plasma) 
and  ve(z,r)  ~  ^n(^)  (radially- const  ant  collisions).  Case  1  does  not  fulfil  the  analytical  solution  because 
ujih  ~  ve-  Fig.  4(b)  refers  to  section  E,  where  z/e(r)  ~  z/ei(r)  oc  nr  makes  these  profiles  more  steepened. 
Profiles  of  ur(r)  in  Fig.  5(a)  illustrate  the  high  magnetic  confinement  of  the  plasma.  Taking  into  account 
that  —  ecf)  ~  miUr/2,  last  results  point  out  that  radial  electric  field  is  only  important  in  a  thin  inertial  layer 
preceding  the  Debye  sheath.  uq(t)  develops  thanks  to  collisions,  Fig.  5(b).  The  azimuthal  plasma  current 
provides  the  magnetic  force  that  sustains  the  large  radial  density  drop  as  in  a  #-pinch. 


(a)  (b) 


Figure  4.  Fig.  4(a)  depicts  the  plasma  density  radial  profile  in  a  cross  section  located  at  the  rear  part  of  the 
tube,  close  to  B.  The  same  property  is  shown  in  a  section  close  to  E,  Fig.  4(b).  Profiles  are  dimensionless, 
using  as  a  reference  value  the  density  at  the  axis  line  (z,  r  =  0) 


C.  2D  density  distribution  in  the  helicon  source 

A  2D  map  of  the  plasma  density  is  presented  in  Fig.  6.  It  is  the  natural  response  of  the  200G  case. 
Large  gradients  of  the  plasma  density  appear  close  to  all  walls.  Radial  gradients  increase  with  magnetic 
confinement,  in  fact  with  the  effective  Hall  parameter  c oih/ve-  Axial  gradients  close  to  A/B  are  due  to 
electrostatic  confinement  and  drive  the  backstreaming  flow,  which  has  been  depicted  in  Fig.  2(c). 
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r/R 

Figure  5.  Fig.  5(a)  plots  the  radial  velocity  ur/cs.  Fig. 
velocity. 


5(b)  shows  the  radial  profile  of  the  electron  azimuthal 


0.5 


0 


z/L 


Figure  6.  2D  plasma  density  distribution 


IV.  Source  Performances 

Assessment  of  the  helicon  source  efficiencies  is  carried  out  in  terms  of  the  propellant  utilization  r]u  and 
the  production  efficiency  r\p , 

rhiE 

Vu  =  , 

m 

rniE 

hp  =  - — rw - rw — • 

miA  +  miW  +  miE 

Propellant  utilization  measures  the  amount  of  ionized  gas  ejected  through  the  exit  section  E  relative  to  the 
injected  mass  flow.  On  the  other  hand,  production  efficiency  compares  the  ionized  gas  flowing  through  E 
relative  to  the  total  amount  of  ionized  gas  produced  inside  the  source. 

Eq.  (10),  derived  in  the  axial  analytical  model,  states  that  rju  increases  with  Te,  L  and  rh.  High  efficiencies 
r]u  >  0.95  require  L*  >  2.5  as  shown  in  Fig.  7(a).  Figure  7(b)  plots  r]u  —  B  curves  for  different  electron 
temperatures.  The  knee  of  each  rju  curve  separates  low- utilization  regimes  (low-magnetized  plasmas)  from 
the  high-utilization  regimes.  Note  also,  even  for  very  high  magnetic  field  intensities,  high-utilization  regimes 
are  limited  by  the  plasma  temperature,  noticeable  in  the  case  Te  =  7  eV,  in  which  ionization  is  compensated 
by  wall  losses,  limiting  the  maximum  r]u  available.  Fig.  7(c)  indicates  that  the  flow  to  the  rear  wall  should 
be  reduced  because  it  represents  almost  50%  of  r]p  losses.  If  a  perfect  magnetic  screening  is  assumed  at  the 
rear  wall,  r]p  may  reach  values  over  90%  within  the  typical  range  of  magnetic  field  intensities  500  —  1000G. 


(17) 

(18) 


V.  Matching  with  the  magnetic  nozzle 

The  source  model  matches  the  2D  MN  model  of  Ahedo  and  Merino  [15],  which  provides  the  supersonic 
plasma  expansion.  Currents  developed  at  the  plasma  plume  are  closed  at  P,  where  (pp  =const.  This 
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(a)  (b)  (c) 


Figure  7.  Fig.  7(a)  plots  the  law  of  Eq.  (10).  Propellant  utilization  as  a  function  of  the  magnetic  field  is 
depicted  in  Fig.  7(b)  for  different  values  of  the  electron  temperature.  Fig.  7(c)  shows  the  differences  on  the 
production  efficiency  if  the  backstreaming  flow  is  neglected  (dashed  line)  thanks  to  an  hypothetical  screening 
system  (This  example  uses  the  Case  2,  600G,  as  the  reference  case,  solid  line). 


potential  is  solved  from  a  fluid-kinetic  formulation  at  the  sheath  transition  D.  MN  model  hypotheses  have 
been  commented  partially  in  Sec.  I.  Other  essential  hypotheses  are  listed  next.  This  fluid  model  of  the 
plasma  expansion  assumes:  (i)  fully-magnetized  electrons  whereas  ions  are  partially-magnetized;  (ii)  the 
plasma  is  current  free;  (Hi)  current  ambipolarity  is  not  sustained  within  the  plume,  (iv)  the  flow  at  E  must 
be  parallel  to  the  magnetic  field  streamlines;  and  (v)  the  ion  Mach  number  slightly  supersonic,  in  order  to 
fulfill  the  requirements  of  the  hyperbolic  MN  model. 

Taking  into  account  all  hypothesis  enumerated  above,  only  the  bulk  region  r/R  <  0.98  of  the  plasma 
flowing  through  E  is  considered.  It  supposes  a  small  mismatching  in  the  continuity,  momentum  and  energy 
laws.  The  error  committed  is  smaller  than  5%.  The  plasma  density  distribution  along  the  complete  device 
is  depicted  in  Fig.  8.  It  shows  how  density  varies  much  less  inside  the  source  than  in  the  plume,  where  it 
may  drop  up  to  4  orders  of  magnitude,  presenting  a  high  radial  rarefaction. 


log  (n/n0) 


Figure  8.  2D  map  of  the  plasma  density  in  the  whole  thruster  log(n/no).  Case  1  -  200G.  Plasma  density 
reference  defined  as  no  =  go/cs. 


After  obtaining  MN  results  it  is  possible  to  evaluate  both  the  power  balance  and  the  total  thrust,  as  well 
as  partial  contributions  to  this  thrust.  Next  subsections  presents  these  balances. 

A.  Energy  balance 

Energy  balance  in  the  whole  thruster  determines  the  relation  between  the  absorbed  power  Pa,  the  constant 
temperature  of  the  electron  cloud,  and  the  length  Ln  of  the  MN  region.  Obtaining  an  implicit  law  Pa  = 
Pa{Te ,  Ln)  as  Fig.  9(a)  illustrates.  The  most  general  form  of  the  energy  equation,  grouping  all  contributions 
of  all  species  becomes 

V  *  P  =  j  •  E  +  Pa  **•  Pioni  (19) 

where 

P{z,r)  =  -y rriiulun  +  -  [rriiU-Ui  +  ( meu2de  +  5Te)ue]  +  qe,  (20) 
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qe  is  the  heat  flux,  j  E  is  the  electric  field  work,  Pa  the  absorbed  power  density,  and  Pion  is  the  the  power 
density  for  ionization  and  excitation  processes,  defined  as 

Pion  =  Pion^^nPion  =  V  '  (-£/^on7l'Uj) ,  (21) 

with  E'ion  the  effective  ionization  energy  (see  Appendix  of  Ref.  [14]). 

Equation  (19)  can  be  easily  integrate  over  the  whole  domain,  yielding 

Pion  +  Pwall  +  Pp  =  Pa •  (22) 

where  Pa  is  the  absorbed  power  from  the  wave,  Pion  groups  ionization  and  excitation  energy  losses,  Pwaii  = 
Pa  +  Pw  groups  losses  at  tube  rear  wall  A  and  lateral  wall  W,  and  Pp  is  the  plasma  power  impacting  at 
plate  P.  The  three  magnitudes  on  the  left-hand  side  on  Eq.  (22)  depend  on  Te;  additionally,  Pp  depends  on 
the  length  Ln  of  the  MN  region. 

If  Te  =  const,  Pa  increases  as  MN  length  is  extended,  because  Pp  rises  monotonically  in  this  MN 
isothermal  model.  Reciprocally,  Te  decreases  for  longer  MN  and  Pa  =  const.  At  Ln  =  0  (i.e.  the  plate 
is  at  the  exit  of  the  source),  the  difference  between  Pa,  case  1,  from  that  obtained  in  case  2,  responds 
to  the  lower  production  efficiency  of  the  source,  penalized  by  wall  losses  and  ionization  of  the  recombined 
flux,  Pwaii  +  Pion  —  0.7Pa,  see  Fig.  9(b).  Case  2  is  shown  as  an  efficient  case,  Pp  cz  0.40Pa.  Ionization 
cost  is  similar  in  both  cases  Pion/Pa  ~  0.3.  The  absorbed  power  obtained  in  these  results  belongs  to  the 
range  50  —  100IT.  It  is  in  accordance  with  experimental  devices  that  use  similar  operational  and  geometric 
parameters,  such  as  the  one  in  Ref.  [17]. 


Figure  9.  Fig.  9(a)  plots  the  obtained  power  absorption  law  Pa  =  Pa(Ln,Te  =  lOeV).  Fig.  9(b)  shows  the  ratios 

Pp/Pa,  Pwall  /Pa  and  Pion/Pa • 


B.  Thrust  balance 

Finally,  regarding  the  thrust  balance,  this  research  focuses  the  effort  on  breaking  down  all  contributions  to 
the  total  thrust  P, 


P  —  Ppres  T  Pelec  T  Pmag  •  (23) 

As  Eq.  23  indicates,  three  contributions  can  be  taken  into  account.  First,  Fpres  includes  the  thrust  due  to 
the  pressure  on  the  helicon  source  walls,  mainly  at  the  rear  section  A.  Moreover,  a  small  negative  contribution 
is  due  to  the  loss  of  momentum  at  the  lateral  wall  as  a  consequence  of  plasma- wall  recombination.  The  second 
term,  Feiec  is  the  electric  force  between  the  negative  electric  charge  at  surface  A  and  the  positive  electric 
charge  at  sheath  AB.  The  third  contribution,  Pma£n  comes  from  the  thrust  gain  due  to  the  MN,  as  a  result  of 
the  interaction  between  azimuthal  plasma  currents  and  the  magnetic  circuit  (i.e.  applied  divergent  magnetic 
field). 

Naturally,  the  thrust  contributions  are  related  to  the  axial  momentum  flow  of  the  plasma  at  different 
sections  z  =  constant,  defined  as 

rRv(z) 

Fz(z)  =  2tt  drrMzz(z,r )  (24) 

Jo 
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where  M  =  Eit=ienm^n^ufcufc  +  Pel  is  the  plasma  momentum  flux  tensor.  From  this  definition,  it  is 
possible  to  relate  each  contribution  in  Eq.  (23)  with  the  axial  momentum  flow  evaluated  at  sections  E  and 


D, 


F'zE  —  Fpres  +  Eg/ec, 


(25) 


FzD  =  F. 


(26) 


Therefore,  Ema^  =  Fzd  —  Fze •  Finally,  with  the  computed  thrust  F  =  E(Ln,Te) 
the  thrust  efficiency  rj  is  defined  as  follows, 

F2 

V~  2lhPa 


and  the  absorbed  power, 


(27) 


Figure  10  plots  r/  =  .  Te  =  10eV).  In  the  highly-magnetized  case  (600G)  thrust  efficiency  is  over  20%  if 

L„/R  >  14. 


Figure  10.  Source  +  MN  thrust  efficiency  rj 


VI.  Conclusions 

A  2D  fluid  model  of  the  helicon  source  has  been  derived  and  matched  to  a  similar  model  of  the  magnetic 
nozzle.  Attention  has  been  given  to  the  2D  neutral  depletion  and  the  plasma  confinement  from  rear  and 
lateral  walls  of  the  source.  Source  performances  are  given  in  terms  of  the  propellant  utilization  and  production 
efficiency.  Ranges  of  design  and  operational  parameters  for  optimal  performances  are  identified.  Analytic 
solutions  compare  well  with  numerical  solutions  within  appropriate  parametric  ranges. 

The  matching  of  the  source  model  with  a  divergent  MN  model  has  allowed  the  first  complete  characteri¬ 
zation  of  the  plasma  discharge  in  a  helicon  plasma  thruster.  Additionally,  it  has  allowed  to  solve  a  previous 
inconsistency  in  relating  the  plasma  temperature  with  the  absorbed  power,  which  turns  out  to  involve  the 
plasma  expansion  in  the  MN.  The  different  contributions  to  the  thrust  and  the  energy  balance  have  been 
analyzed.  Encouraging  values  of  the  thrust  efficiency  are  obtained. 

Further  work  should  try  to  couple  this  plasma  flow  model  with  a  2D  model  of  the  plasma- wave  interaction, 
in  order  to  ascertain  the  validity  of  the  assumptions  made  in  the  flow  model  here  or  how  they  should  be 
modified.  For  instance,  a  non- Maxwellian  distribution  function  of  electrons  could  modify  the  results.  Also, 
a  downstream  plasma  detachment  model  would  allow  us  to  avoid  the  downstream  plate  included  here. 
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Magnetic  nozzles  in  plasma  thrusters 


•  A  magnetic  nozzle  is  an  applied, 
divergent  magnetic  field  that 
channels  and  accelerates  a  plasma 
beam 

•  It  is  being  proposed  as  the 
acceleration  stage  of  several  plasma 
thrusters 
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What  is  a  magnetic  nozzle  ? 

•  From  hot  gas  expansion  in  solid  (de  Laval)  nozzles,  we  know: 

-  There  is  energy  conversion  of  ‘internal’  into  ’axial  kinetic’ 

— >  supersonic  gas  in  divergent  nozzle 

-  There  is  a  thrust  gain  from  the  gas  pressure  on  the  divergent  walls 

•  We  expect  both  phenomena  to  occur  in  a  magnetic  nozzle  (MN) 

•  Nonetheless: 

-  Plasma  expansion  is  more  complex  than  gas  expansion 

-  Plasma  expansion  is  strongly  2D 

-  Different  sources  of  internal  energy  in  plasma  — >  different  MNs 

-  MN  has  no  walls: 

•  No  energy  losses,  no  heat  loads  ! ! 

•  Thrust  gain  mechanism  is  totally  different 

-  Eventually  plasma  must  detach  from 

turning-back  magnetic  lines 


c 


■ 


■  ®  ® 


©  ■*”T1 
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DIMAGNO:  A  2D  plasma/nozzle  code 

•  UPM  code,  first  version  in  2010:  Phys.  Plasmas,  vol  17,  073501, 

•  Supersonic  plasma  expansion  in  2D  divergent  magnetic  nozzle 

•  Multi-fluid  model 

•  Source  emits  at  the  MN  throat  a  sonic,  fully-ionized,  current-free,  hot 
plasma  (relevant  to  propulsion  in  vacuum) 

•  Partially-magnetized,  cold  ions  (consistent  with  thruster  designs) 

•  Fully  magnetized,  hot  electrons  (i.e.  energy  stored  in  electrons) 

•  To  be  removed  later: 

-  nig/nri;- 1 0-4  — >  electron 

inertia  neglected 

-  Pressure-ratio=|3  «  1  — ► 

induced  field 
effects  neglected 
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2D  plasma  expansion 


•  Quasineutrality  +  Partially-magnetized  ions  — >  Eperp  develops  — >  non- 
uniform  2D  plasma  — >  Relative  focalization  of  density  profile 

•  0-pinch  balance  on  electrons:  pressure  force  =  magnetic  force  +  electric  force 

No  Boltzmann  relation  along  lperp  ! ! ! 

•  Magnetic  force  confines  electrons  — >  j0e  is  diamagnetic 


r/Rv(z) 
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Magnetic  thrust  gain 


Thrust  gain  in  a  divergent 

-  solid  nozzle  comes  from  pressure  on  the  walls 

-  magnetic  nozzle  is  the  reaction  force  to  the 
(volumetric)  magnetic  force  on  the  plasma 

For  positive  plasma  acceleration  &  thrust  gain  — >•  j9 
from  plasma  must  be  diamagnetic  (running 
opposite  to  coil  current) 

Maximum  thrust  gain  (-100%)  for: 

1)  sonic  flow  at  throat,  2)  weakly-magnetized  ions 
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Ion  detachment  &  plume  efficiency 


These  are  genuine  2D  effects 

Electron  streamtubes  =  magnetic 
streamtubes  7^  ion  streamtubes 

—>  Ion  detachment  from  B -lines 
— >  No  current  ambipolarity 

(  Je, meridian^”  Ji, meridian) 

— Small  paramagnetic  jei 
Plume  efficiency  is  the  nozzle  penalty 


logio 


0  5  10  *  15 


z  Ion  95%  flux 
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Electron  detachment:  resistivity 


•  Mechanisms  of  electron  detachment  ((3  «  1) 

a)  electron  inertia  b)  resistivity 

euj_eB  =  (me/r) ue  ■  V(ruee)  +  meveiuee 

•  Small  resistivity  studied  through 
perturbation  of  DIMAGNO  collisionless 
solution  — >  Plasma  beam  detaches 
outwards  oc  inverse  Hall  parameter 


•  New  hybrid  (fluid/PIC)  code  will  allow  to 
fully  analyze  resistivity  &  demagnetization 
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Electron  detachment:  inertia 


DIMAGNO  has  been  extended  to 
include  nonlinear  e-inertia  effects 

Generalized  conservation  laws  for 
electron:  azimuthal  momentum,  total 
energy,  and  azimuthal  isorotation 

Electron  detachment  is  always 
outwards  for  a  magnetized  plasma 
beam  (in  equilibrium  upstream) 

Hooper’s  class  of  nonzero  inertia 
models,  based  on  local  current 
ambipolarity  and  claiming  inwards 
electron  detachment,  is  non-physical: 

-  it  does  not  satisfy  that  the 

electron  azimuthal  velocity  is  the 

[E+  (grad  p)/en]  x  B  drift 


z/R 
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Induced  field  effects 


•  Diamagnetic  plasma  current  — >  induces  B -field  that  tends  to  cancel 

applied  B-field  — >  Nozzle  shape  is  modified  and  becomes  more  divergent 


— >  Bad:  Outwards  electron  detachment  from  original  nozzle 

— ►  Good:  Electron  demagnetization  is  enhanced 

A,  =  n  Aj=o.05  A>=o.i 


•  This  scenario  disagrees  totally  with  magnetic-stretching  one  of  Arefiev&B. 
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Downstream  of  the  turning  point 


•  Most  recent  achievement:  computation  of  plasma  expansion  beyond 
MN  turning  point,  in  order  to 

-  Characterize  far  downstream  behavior 


Confirm  that  ion  detachment  is  key  feature  for  good  MN 
performance 

Determine  final  plume  efficiency 


electron 


Mach 


Low  ion  Magnetization  f0.11 


High  ion  Magnetization  (3001 
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Two-electron  temperature  (TET)  plasma 


•  Existing  debate  on  the  presence  of  current-free 
double  layers  (CF-DLs)  and  their  application 
as  a  new  propulsion  concept  (HDLT) 

•  Ahedo&Martmez  ( ‘09,  ‘11): 

-  ID  model  of  CF-DL  in  a  collisionless, 
TET,  magnetically-expanded  plasma 

-  a)  why  a  CF-DL  is  formed  ?  It  is  a 
consequence  of  the  varying  sound  speed 
leading  to  multiple  sonic  points 

(‘anomalous  thermodynamics’) 

-  b)  Thrust  gain  associated  to  a  CFDL  ? 

None 

•  Still:  *  which  is  the  2D  shape  of  a  CFDL  and 
its  effect  on  r|plume  ? 

*  CFDL  useful  for  plasma  diagnosis 
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TET  plasma  &  2D  CFDL 


•  DIMAGNO  is  being  extended  to  determine  the  2D  shape  of  TET  quasi- 
CFDLs  and  its  effect  on  thrust  gain  and  plume  efficiency 


•  TET  activity  is  part  of  a  project  attempting  to  implement  in  DIMAGNO 
different  thermodynamic  models,  covering  most  MN  types:  warm  ions, 
swirl  energy  (AF-MPD),  adiabatic  electrons  (including  collisionless 
cooling),  anisotropic  Te  (ECR  thrusters),  and  anisotropic  T;  (VASIMR) 
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Conclusions 


•  An  innovative  2D  code  for  propulsive  magnetic  nozzles  has  been  fully 
developed  at  UPM  .  The  code  stands  out: 

-  the  2D  character  of  the  supersonic  plasma  expansion, 

-  the  weak-magnetization  and  detachment  of  ions  (non  MHD  plasma) 

-  the  role  of  azimuthal  plasma  currents  in  confinement  and  thrust 

-  the  lack  of  current  ambipolarity 

-  the  amount  of  magnetic  thrust  gain 

-  The  plume  or  nozzle  efficiency 

•  Extensions  of  the  code  are  demonstrating 

-  Electron  outwards  detachment  caused  by  either  e-inertia  or  resistivity 

-  Enhanced  nozzle  divergence  and  plasma  demagnetization  caused  by 
induced  field  effects,  when  p=0(l). 

-  Double  layer  formation  in  TET  plasmas 

•  New  thermodynamic  models  are  been  considered  in  order  to  cover 
different  magnetic  nozzle  types 
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Plasma  Structure  Inside  and  Outside 
a  Helicon  Thruster 

J.  Navarro,  M.  Merino  and  E.  Ahedo 

Plasmas  and  Space  Propulsion  Team,  Universidad  Politecnica  de  Madrid 


A  helicon  thruster  consists  of  a  cylindrical  helicon  source,  where  the  plasma  is  generated  and  heated,  and  a  magnetic 
nozzle,  where  the  plasma  beam  is  accelerated  supersonically.  Two  dimensional  models  of  the  plasma  flow  inside  the 
source  and  in  the  external  magnetic  nozzle  (MN)  are  derived,  for  a  known  amount  of  absorbed  power  from  rf  waves.  2D 
plasma  structure  and  response  inside  the  source  are  described,  comprising  the  processes  of  neutral  depletion,  losses  to 
chamber  walls,  and  backward  and  forward  flows.  Conditions  for  high  propellant  utilization  and  high  current  efficiency 
are  determined.  The  matching  with  the  MN  model  allows  to  obtain  an  overall  characterization  of  helicon  thruster 
performances  in  terms  of  power,  thrust  and  efficiency. 


Helicon  Thruster  Sketch 


Axial  equations 


Axial  Response 


A  A  Maxwell  coil  produces  an  almost  constant 
(V  |B|  ~  0),  axial  magnetic  field  along 
the  dielectric  tube,  that  diverges  smoothly 
downstream,  forming  a  MN.  The  dielectric 
tube,  depicted  in  light  green,  isolates  elec¬ 
trically  the  plasma.  Two  regions  are  dis¬ 
tinguished:  (i)  The  source  domain  purple 
coloured,  is  delimited  by  both,  dielectric 
walls  (A  and  W),  and  the  tube  exit  section,  E.  (ii)  The  MN,  blue  coloured, 
matches  the  source  at  E  and  extends  until  a  conductive  plate,  P.  MN  edge 
Ry{z)  is  determined  by  the  mag¬ 
netic  field  shape.  The  down¬ 
stream  plate  is  needed  to  per¬ 
form  a  global  balance  of  the 
complete  device.  Electrostatic 
sheaths  AB,  QW,  DP  are  at¬ 
tached  to  the  walls.  Independent 
models  are  formulated  for  source 
and  nozzle. 


Helicon  Source:  Plasma  Model  & 
Hypotheses 


After  manipulating  main  equations,  using  properly  all  hypotheses,  the  set  of 
equations  that  control  the  axial  behaviour  of  the  plasma  along  the  dielectric 
tube  becomes: 

nzuz  +  nnun  =  g0 

(c?  -  =  («*  -  +  Rion)  +  4*  -  *.) 

dnz 

(Cg  uf)  ...  -  *  Tlz  [uz  {jlrl  Rion  ^w)  (uz  Un )  Tln  ( Rin  T  Rion)} 

az  dm 

nnunC- ^  =  nz  [unvw  K  -  1)  +  (uz  -  un)  nnRm } 

go  the  mass  flux,  cs  =  ■jTe/mi  the  sonic  velocity,  aw  is  an  adjustable  param¬ 
eter  that  retains  the  momentum  loss /gain  due  to  recombination  at  the  lateral 
wall. 

Boundary  conditions:  uzb  =  —  cs,  uze  —  cs,  u„b  =  un o,  go  known. 
The  plasma  axial  response  depends  on  four  dimensionless  parameters: 


T*  —  CsUn(j/ Rion90t  Ri  n  I Riant  Un{)f Cst  Oiw. 

(uw  is  obtained  self-consistently  solving  the  radial  model) 

Analytical  solution  is  found  invoking  asymptotic  limits,  high-confinement 
Vw/rinRitm  <  1  and  Rin/ Rim  <  Wno/cs  C  1, 


Un  =  Un0,  —  =  tan  £,  —  nz  =  2rju  cos2  £,  —  nn  =  1  -  %  sin  2f , 

cs  go  go 

—  =  [  - — — m  is  the  propehant  utilization  from  z( 7r/4)  =  L. 

L*  J —ir/i  1  Vu  sm  2£' 


Plasma  dynamics  inside  the  source  is  driven  by  continuity  and  plasma  mo¬ 
mentum  equations: 

V  •  (neue)  =  V  •  (rijUi)  =  —V  •  (nnun)  =  nennRim 
V  •  (mjSjUjUj)  =  —VTjnj  —  qjriS7<p  +  qjTijUj  x  B  —  Sj 

n  for  densities,  u  for  velocities,  T  for  temperatures,  m  and  q  species  mass  and 
charge,  <j>  the  electric  potential,  R  for  ionization/collision  rates,  S  includes 
momentum  sources/sinks  terms.  Subscript  j  =  ion,  electron,  neutral. 

Hypotheses: 

/  Quasineutral  plasma  ne  =  rii  delimited  by  B  and  Q. 

■/  Zero-beta  limit  -4  negligible  induced  magnetic  field. 

/  Isothermal  plasma  with  Te  »  J),  Tn. 

■/  Axial  symmetry  8/ 89  =  0. 

/  Cold  neutrals,  u„  =  unlz  and  n„(r,  z)  =  n„(z). 

/  Current  ambipolarity  j  —  jglg  =  0. 

/  Decoupled  density,  n(z,  r)  =  nz(z)nr{z ,  r ),  with  ff  rnr(z,  r)dr  =  R?/ 2. 
■/  Decoupled  electric  potential,  <f>{z ,  r)  =  (j>z(z )  +  <t>r{z,  r ). 

/  Ion  pressure  negligible  compared  with  electron  pressure. 

/  U$i  <C  Uge  =  Ug 

■/  Spatial  gradients  satisfy:  8x/8z  <C  8x/8r  for  x  —  nr,  <f>r,  ur,  ug,  uz. 
These  hypotheses  reduce  the  2D  problem  into  radial  and  axial  models  coupled 
through  the  wall  recombination  function,  Sw{z)  =  nzvw{z). 


Radial  Equations 


The  radial  model  was  treated  in  Ref.  [3],  main  equations  are  listed  next.  vw 
is  the  eigenvalue  that  assures  the  correct  plasma  flow  balance. 


1  8_ 
r8r 


( mTUr )  =  nruw 


8ur 

V<9r  = 
dug 


2  ^  '  T  C-.D  f 1  tg  UjQ  /  v 

cs  x  1LQ  H  Un  {Rin  Rion)  U r 

dr  rrii  mi  r 

=  —ur  -  [nn(Ren  +  Rwn)  +  nRei \  ug  -  ^ 


8cj)r  91nnr 

6  dr  dr 


Matching  with  the  MN  Model 

The  source  model  matches  the  2D  MN  model  of  Ahedo  and  Merino  Ref.  [4] .  It 
provides  the  supersonic  plasma  expansion.  Currents  developed  at  the  plasma 
plume  are  closed  at  P,  where  <f)p  =  const.  This  potential  is  solved  mixing 
fluid-kinetic  formulation  at  the  sheath  transition  D. 

MN  Hypotheses: 

■/  Isothermal,  quasi-neutral  plasma  expansion. 

/  Collisionless. 

/  Fully-magnetized  electrons  and  partially-magnetized  ions. 

/  Current  free  plasma. 

■/  No  current  ambipolarity. 


*  Case  1  (200G)  *  Case  2  (600G)  *  Analytical  solution,  dashed  line. 

/  All  other  parameters:  Te  =  lOeV,  rh  =  0.1  mg/s,  aw  =  1.0,  uno  =  350 m/s 
remain  constant.  Neutral  depletion  (Fig.  Al)  is  governed  by  plasma  ionization, 
Vim  oc  nnRim(Te),  and  wall  recombination  vw.  Higher  temperatures  and  magnetic 
fields,  and  longer  tubes  improve  the  propellant  utilization  r]u. 

■/  Plasma  density  (Fig.  A2)  presents  a  peak  near  uz  ~  0  (Fig.  A3).  The  positive 
gradient  of  this  magnitude  close  to  B  is  due  to  ionization.  dznz  <  0  in  the  forward 
flow  region  is  related  to  the  plasma  acceleration. 

/  Case  2  solution  is  almost  indistinguishable  from  the  analytical  one  because 
plasma  parameters  agree  with  asymptotic  limit  hypotheses.  Otherwise,  case  1 
shows  the  role  of  wall  losses  vw  on  the  plasma  axial  dynamics  (Fig.  A4),  resulting 
a  worse  correlation  with  the  ideal-analytical  solution. 

■/  Effective  electron  collisions  (Fig.  A5),  governing  radial  dynamics,  decrease  along 
the  chamber,  thus  increasing  radial  magnetic  confinement.  Note  also  that  ve  ~ 
Ven{z)  near  B  and  ve  ~  vei(z,  r)  near  E. 


Radial  Response 


■/  Fig.  R1  depicts  plasma  density  profiles  at  the  rear  section  B.  There,  case  2 
is  in  agreement  with  the  asymptotic  solution  proposed  by  Ref.  [3],  because  both 
u>ih  =  eB / y/rn^mi  ve  (high-magnetized  plasma)  and  i/e(z,  r)  ~  i^en(z)  (radially- 
constant  collisions).  Case  1  does  not  fulfil  the  analytical  solution  because  uiq,  ~  ise. 
Fig.  R2  refers  to  section  E,  where  !/e(r)  ~  vei{ r)  oc  nr  makes  these  profiles  more 
steepened. 

Analytical  solution:  nT{z,r)  =  nr(z,  0)  Jo  (uor/R) 
where  ao  is  the  first  0  of  Bessel  function,  Jq. 


/  ur(r )  profiles  (Fig.  R3)  illustrate  the  high  magnetic  confinement.  Taking  into  account  that  —  etj)  ~  rrijM2/ 2,  last  result 
indicates  that  radial  electric  field  is  only  important  in  a  thin  inertial  layer  preceding  the  Debye  sheath.  ug{r)  develops  thanks 
to  collisions  (Fig.  R4).  The  azimuthal  current  provides  the  magnetic  force  that  sustains  the  large  radial  density  drop  as  in  a 
9  —  pinch. 


2D  Maps 

Source  details:  Case  1  results  are  presented  below  for  the  plasma  density  and 
velocity.  Large  gradients  of  these  magnitudes  appear  close  to  all  walls.  Radial  gradi¬ 
ents  increase  with  magnetic  confinement,  in  fact  with  the  Hall  parameter  Axial 

gradients  close  to  A/B  are  due  to  electrostatic  confinement  and  drive  the  backstreaming  flow. 


Helicon  Thruster  maps:  The  plasma  density  distribution  along  the  complete  device  is 
depicted  here,  logn/no,  being  no  =  go/cs.  It  manifests  how  density  varies  much  less  inside 
the  source  than  in  the  plume,  where  it  may  drop  up  to  4  orders  of  magnitude,  presenting 
a  high  radial  rarefaction.  Electric  potential  gradients  inside  the  source  are  purely  axial, 
because  plasma  is  radially  confined  by  the  magnetic  field.  Equipotential  lines  become 
curved  as  advancing  along  the  MN. 


Helicon  Source  Performances 


Propellant  utilization:  qu  =  lF‘ 


/  Production  efficiency:  qp  =  — 


S  Analytical  law  for  L/Lt  =  f(r)u )  states  that  r}u  increases  with  Te,  L  and  m,  requiring 
L*  >  2.5  to  obtain  a  high  propellant  utilization,  rju  >  0.95  (Fig.  SI). 

/  rju  —  B  curves  are  plotted  for  different  electron  temperatures  (Fig.  S2).  The  knee  Qf 
each  rju  curve  separates  low-utilization  regimes  (low-magnetized  plasmas)  from  the  high- 
utilization  regimes.  Note  also,  even  for  very  high  magnetic  field  intensities,  high-utilization 
regimes  are  limited  by  the  plasma  temperature,  noticeable  in  the  case  Te  =  7  eV,  in  which 
ionization  is  compensated  by  wall  losses,  limiting  the  maximum  rju  available. 


S  The  flow  to  the  rear  wall  should  be  reduced  because  represents  almost  50%  of  rjp  losses 
(Solid  red  line  in  Fig.  S3).  If  a  perfect  magnetic  screening  is  assumed  at  the  rear  wall,  rjp 
may  reaches  values  over  90%  for  the  typical  range  of  magnetic  field  intensities  500  —  1000G 
(dashed  red  line). 

S  Curves  of  constant  efficiencies,  rju  and  rjp,  are 
depicted  on  the  parametric  plane  B  —  rh  (Fig. 

S4).  These  are  useful  to: 

/  Optimize  the  helicon  source  efficiencies. 

/  Obtain  a  clear  map  of  the  region  where  the 
sensitivity  to  parametric  deviations  is  smaller, 
here,  the  knee  of  rju  curves. 

It  may  be  predicted  that  operating  the  source 
close  to  this  zone  is  a  good  choice  in  terms  of 
parameter  sensitivities  and  efficiency. 


Helicon  Thruster  Performances 


/  Global  energy  balance  determines  the  re¬ 
lation  between  the  absorbed  power,  the  constant 
plasma  temperature,  and  the  length  Ln  of  the 
nozzle  region  (Fig.  Tl).  The  energy  equation  group¬ 
ing  all  contributions  of  all  species  is  integrated  over 
the  whole  domain,  yielding  a  relation  between  the 
power  through  the  boundaries  Pp  and  Pa+Wj  i°n~ 
ization  Pim  and  absorbed  power  Pa. 


V--P=j-E  +  Pa  —  Pim  -4  PP  +  PA+W  +J\m  =  Pa 

/  For  Te  =  const,  P„  increases  as  MN  length  is  o.45|w  .  - , - , — 

extended,  because  Pp  rises  monotonically  in  this 
MN  isothermal  model.  Reciprocally,  Te  decreases 
for  longer  MN  and  Pa  =  const.  At  Ln  =  0,  the  < 
difference  between  Pa,  case  1,  from  that  obtained  in 
case  2,  responds  to  the  lower  production  efficiency 
of  the  source,  penalized  by  wall  losses  and  ioniza-  1 
tion  of  the  recombined  flux,  Pa+w  +  Pim  —  0.7 Pa 
(Fig.  T2).  Case  2  is  shown  as  an  efficient  case, 

Pp  ~  0.45 ify 


/  Thrust  efficiency,  F2/2rhPat  is  evaluated  tak¬ 
ing  into  account  all  contributions  to  the  thrust  F, 
F  =  Fwes  +  Felec  +  Fmag 

Terms  on  the  RHS  retain  the  contribution  of  pres¬ 
sure  on  walls  Fp-es,  electrostatic  sheath  at  the  back 
wall  Fgiec,  and  MN  contribution  Fmag.  Thrust  is 
related  to  plasma  axial  momentum  flow,  Fz,  at  sec¬ 
tions  E  and  D:  Fze  =  FPl res  +  Feiec  and  Fzp>  =  F. 
Case  2  thrust  efficiency  is  over  20%  if  Ln/R  >  14 
(Fig.  T3). 


Conclusions 
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Magnetic  Nozzles:  Plasma  detachment 

Mario  Merino  and  Eduardo  Ahedo 
Universidad  Politecnico  de  Madrid 


"\ 


Three  existing  detachment  theories  are  shown  to  be  inadequate  for  magnetic  nozzles.  Our  2D  code 
DIMAGNO  is  extended  to  allow  iterative  calculation  of  the  induced  magnetic  field,  include  electron  inertia  effects, 
and  to  integrate  beyond  the  turning  point  of  the  plasma  tube.  Two  novel  detachment  modes  are  proposed  and 
simulated  within  our  ideal  plasma:  Plasma  self-demagnetization  due  to  the  induced  magnetic  field,  and  ion 
self-separation,  which  leads  to  the  formation  of  quasi-conic  plume  with  highly-rarefied  peripheral  plasma. 
Results  support  the  applicability  of  magnetic  nozzles  for  propulsion  applications. 


Magnetic  Nozzles  for  Plasma  Propulsion 


The  need  for  plasma  detachment 


The  DIMAGNO  2D  model  and  code 


A  magnetic  nozzle  is  an  axisymmetric,  divergent  magnetic 

field  that  harnesses  and  controls  the  expansion  of  a  supersonic 
plasma  jet. 

1. The  field  is  sufficient  to  magnetize  electrons,  which  are 

attached  to  the  field  and  describe  its  geometry. 

2.  Ions  (heavier)  are  not  magnetized  (or  only  partially). 

3.  Electrons  pull  ions  via  ambipolar  electric  field. 

4.  Pressure  is  confined  by  the  magnetic  force  acting  on 
plasma  electric  currents 

5.  Ions  are  expanded  radially  and  accelerated  axially, 
producing  thust 


->  Advantages  over  solid  nozzles: 

-  Wall-plasma  contact  is  avoided 

-  Modifying  field  geometry  and  intensity  can  allow  to  control 
thrust  and  Isp 

-  Applicable  to  a  wide  range  of  thrusters  (helicon,  AF-MPD, 

VASIMR...)  and  powers  (50  W  to  MW)  - 


Electrons  tend  to  remain  tied  to  the  closed  magnetic  lines.  If 
ions  were  to  follow, 

Thrust  would  be  cancelled, 

->  Efficiency  would  be  ruined, 

->  The  energetic  coming-back  plasma  could  affect  satellite 

Plasma  detachment  is  a  requirement  for  space  propulsion: 

the  plasma  must  get  rid  of  the  field  and  form  a  free  plume  once 
accelerated 


HELICON  (GEORGI^TO.) 

mk  -|l 


AF-MPD  (STUTTGART  U.) 


DIMAGNO  is  our  in-house  developed  code  for  2D  magnetic 
nozzle  plasma  flow  simulation. 

DIMAGNO  describes  the  supersonic  expansion  of  a  fully- 
ionized,  hot  plasma  (i.e.  near  collisionless)  in  the  magnetic 
field  generated  by  a  set  of  solenoids  and/or  current  loops.  It  is  a 
multifluid,  quasineutral  code.  Main  assumptions:  fully 
magnetized  electrons  and  partially  magnetized  ions. 


z/Rl 


The  code  is  extended  here  to  allow  the  iterative  calculation  of 
the  plasma-induced  field  (for  up  to  mild  plasma  pressures, 
|3=0(1)),  to  allow  the  integration  of  the  flow  beyond  the  turning 
point  of  the  field,  and  to  include  the  dominant  electron  inertia 
terms. 


The  Method  of 
Characteristics  is 

used  to  integrate  ion  flow 
Fast  and  accurate  code. 
Electron  equations  are 
algebraic. 


Failure  of  existing  detachment  theories 


Detachment  via  self-demagnetization 


Detachment  via  ion  self-separation 


Theories  claim  convergent  detachment  based  on  plasma 

resistivity  (Hooper  et  al.  [7]),  electron  inertia  (Moses  et  al. 
[8]),  and  on  the  plasma  currents  stretching  the  magnetic 
field  to  infinity  (Arefiev  et  al.  [9]). 

A  perturbation  analysis  [2]  of  our  ideal  solution  shows  that: 

•  Electron  inertia  (its  dominant  terms,  [4])  and  resistivity 

both  cause  outward  diffusion  of  the  plasma  ->  divergent 
detachment  (instead  of  convergent ): 

eu±€B  =  (me/r) u*  ■ 

Outward  Inertia  Resistivity 

diffusion  (>  0)  (>  0)  (>  0) 

•  Plasma-induced  magnetic  field  does  not  stretch  the  field, 
but  opens  it  instead  ( increased  divergence). 


V  x  Bjy  =  jUrj  (ii  -  j'J  =  ( Ui  -  ur) 

->  Diamagnetic  induced  field 


->  The  three  theories  are  inadequate 
for  propulsive  magnetic  nozzles 


The  central  reason  lays  in  the  omitted  diamagnetic  electron 
currents  that  are  natural  in  the  hot  plasma,  which  confine  and 
accelerate  the  plasma  magnetically,  producing  and  conveying 
thrust  back  to  the  thruster. 

The  diamagnetic  character  (i.e.,  repulsion)  is  essential  for 
thrust  generation,  but  is  missing  in  cold-plasma  models. 


divergence 


The  diamagnetic  induced  field  does  not  stretch  the  field,  but 
it  causes  the  following: 

(1)  Increased  nozzle  divergence,  which  is  more 
pronounced  for  higher  |30  =  //0 pe0/B1 2. 

(2)  Formation  of  a  low-B  region  about  the  axis.  increased 

divergence 


The  low-B  region  causes  the  demagnetization  of  the  core 
of  the  plasma  beam  (plasma  is  demagnetized  when 
electron  Larmor  radius  te  ~  L;  typical  helicon  thrusters  need 
4  /  Leo  ~  102  -103).  Demagnetization  means  that  plasma 
becomes  effectively  uninfluenced  by  the  applied 
magnetic  field  (i.e.,  the  plasma  in  the  core  is  detached). 

The  magnetic  field  can  even  cancel  out  as  the  induced  field 
competes  with  the  applied  one,  forming  a  magnetic  separatrix. 
This  surface  divides  nozzle  into  "internal"  and  "external"  regions. 

The  downstream  evolution  of  the  external  region  must  be 
dictated  by  residual  pressure  and  fields,  to  form  a  "plasma 
plume" 

The  rarefied  peripheral  plasma  is  not  yet  demagnetized.  The 
applied  magnetic  field  continues  to  repel  the  peripheral  plasma 
away  from  the  thruster,  so  its  effect  is  still  beneficial. 


While  light  electrons  are  fully  magnetized;  massive  ions  are 

not  (me/mi~  10“  4).  The  ambipolar  E±  field  needed  to  expand 
ions  radially  to  maintain  quasineutrality  implies  a  large  density 
gradient,  causing  a  strong  2D  rarefaction  of  beam. 


As  ion  velocity  increases,  E_l  is  not  sufficient  to  deflect  ion 
trajectories,  and  they  begin  to  separate  inwards  from  the 
magnetic  field.  Stronger  magnetization  defers  separation. 

Far  downstream,  ion  self-separation  leads  to  the  gradual 
formation  of  an  almost-conical  plume.  Ion  magnetization  plays 
only  a  small  role  (in  the  studied  range). 


Most  of  the  plasma  beam  does  not  turn  back  (<  1%  of 

flow),  supporting  that  detachment  will  not  be  a  major  issue  for 
propulsive  applications. 
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